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Flocking is ubiquitous in nature and emerges due to short or long range alignment interactions
among self-propelled agents. Two unfriendly species that anti-align or even interact non-reciprocally
show more complex collective phenomena, ranging from parallel and anti-parallel flocking over run-
and chase behavior to chiral phases. Whether flocking or any of these collective phenomena can
survive in the presence of a large number of species with random non-reciprocal interactions remained
elusive so far. As a first step here the extreme case of a Vicsek-like model with fully random non-
reciprocal interactions between the individual particles is considered. As soon as the alignment bias is
of the same order as the random interactions the ordered flocking phase occurs, but deep within this
phase, the random non-reciprocal interactions can still support global chiral and oscillating states
in which the collective movement direction rotates or oscillates slowly. For short-range interactions,
moreover, even without alignment bias self-organized cliques emerge, in which medium size clusters
of particles that have predominantly aligning interactions meet accidentally and stay together for
macroscopic times. These results may serve as a starting point for the study of multi-species flocking
models with non-random but complex non-reciprocal inter-species interactions.

Introduction: – Active matter consists of particles that
consume energy to use it as a fuel for movement, force
generation, deformation or proliferation [1–4] and gives
rise to collective phenomena that are absent in equilib-
rium systems, like flocking [5], motility induced phase
separation [6], spontaneously flowing matter [7, 8] or liv-
ing crystals [9, 10]. Recently active matter with non-
reciprocal interactions (NRI) has attracted a lot of atten-
tion, for which paradigmatic examples are the predator-
prey relationship, visual perception [11, 12] or flocking
of unfriendly species [13–17]. The hallmark of NRI is
the emergence of a broad range of fascinating phenom-
ena ranging from the spontaneous emergence of travelling
waves [18, 19] and chiral states [13] to odd viscosity [20],
elasticity [21] and diffusivity [22, 23].

In systems consisting of particles with only two-body
interactions non-reciprocity manifests itself by the viola-
tion of Newton’s law ”actio=reactio” such that the force
or influence exerted by particle j on particle i, Fij is not
equal to −Fji. In complex systems with many species of
particles NRI can be encoded in a non-symmetric inter-
action matrix Jij , as for instance by non-symmetric re-
action rates for chemical mixtures or predator-prey sys-
tems. For complex systems consisting of a large num-
ber of species this interaction matrix is frequently as-
sumed to be random as in the context of neural networks
[24–27], ecological communities [28–31], the immune sys-
tem [32], coupled oscillators [33–36] and multi-species
suspensions [37]. Random-field type disorder, meaning
heterogeneous environments instead of interactions, has
been studied for the Vicsek model [38–42] and scalar
active matter [43, 44], but the impact of random non-
reciprocal (NR) alignment interactions on flocking sys-
tems remains elusive.

Large ensembles of self-propelled particles may consist
of many species with varying inter-species interactions,

each of which can be aligning for friendly species or anti-
aligning for unfriendly species [45]. In the simplest case
of only two species NRI gives rise to run-and chase states,
a travelling wave in which one species follows the other,
and chiral states, in which all particles perform a coher-
ent rotation [13–15, 17], in addition to the still possible
flocking state, in which all particles move collectively in
the same direction. Whether these collective phenomena
can survive in the presence of NRI in a multi-species sys-
tem is the question that we will address in this paper.
Under which circumstances can flocking still occur or are
chiral states still possible? If global order is destroyed,
could local order in the form of micro-flocks or cliques
occur? As a first step to shed light into these problems
we consider here a Vicsek-like model with random NRI
and tunable alignment bias between the individual parti-
cles. This setting includes two different types of scenar-
ios: 1) a group of flocking animals of the same species is
comprised of individuals with a common alignment bias
but assigns NR corrections to the directional informa-
tion received from other individuals, corresponding to
weak NR randomness, and 2) a multi-species ensemble
of self-propelled particles, in which each particle belongs
to a different species and has its own NR alignment/ant-
alignment rules with each of the other particles, corre-
sponding to strong NR randomness. We will show that
both scenarios bear the potential for collective phenom-
ena absent in the conventional one- or two-species flock-
ing models.

Model: – We consider N self-propelled particles or
agents i, characterized by a position ri(t) ∈ Ld in a
d-dimensional cube of lateral size L (d = 2 in this pa-
per, p.b.c.) and a movement direction θi(t) ∈ [0, 2π].
Their mutual tendency to move in the same direction as
friendly neighbors (alignment) or to move in the opposite
direction as unfriendly neighbors (anti-alignment) is de-
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scribed by a (noise-less) Vicsek-like model [5, 46] defined
by the equations of motion

ṙi(t) = v0 (cos(θi(t)), sin(θi(t))) (1)

θ̇i(t) = −
∑
j∈Ni

(
Jij

|Ni|α
+

J0
|Ni|

)
sin(θi(t)− θj(t)) (2)

The alignment/anti-alignment interactions consist of an
alignment bias J0 ≥ and of a random part Jij which
can be aligning Jij > 0 or anti-aligning Jij < 0. The

Jij are random variables with Jij = 0, J2
ij = J2, and

JijJji = λJ2, where λ ∈ [−1, 1] controls degree of non-
reciprocity and v0 is the self-propulsion speed. We set
J = 1 and measure J0 and time t in units of J .
Ni is the ”neighborhood of particle i, comprising all

particles j in a distance smaller than R, and |Ni| is
the number of particles in this neighborhood. In the
case of infinite range interactions (R → ∞) |Ni| = N .
The exponent α ∈ {1/2, 1} denotes different scalings
of the interaction strengths: α = 1/2 has to be cho-
sen in order to obtain a non-trivial mean-field limit
N,R → ∞, α = 1 is legitimate for any finite N and
weights bias and randomness similarly. Coherent motion
of a flock is indicated by the order parameter m⃗(t) =
1/N

∑
i(cos θi(t), sin θi(t)) = m(t) · (cosψ(t), sinψ(t)),

and flocking occurs when m(t) ̸= 0.
Infinite-range limit: – For R → ∞, the particle-

particle interactions are independent of the particle po-
sitions, ri, and the angles θi evolve according to eq. (2)
with |Ni| = N . Flocking occurs when J0 is larger than
a critical alignment bias, which for α = 1 decreases with
N as J0,c/

√
N(Fig. 1(a)), with J0,c = 1.1, implying that

flocking emerges for any J0 > 0 in the limit N → ∞. In
contrast, for α = 1/2, eq. (2) reduces in the limit N → ∞
to a self-consistent stochastic single particle dynamics or
dynamical mean-field theory (DMFT) [25, 26, 33, 35, 47].
For λ = 0, this DMFT is given by

θ̇(t) = (φy(t)+J0my(t)) cos θ(t)−(φx(t)+J0mx(t)) sin θ(t)
(3)

where φa(t) for a = x, y is Gaussian colored noise
with zero mean and correlations ⟨φa(t)φa(t′)⟩ =
Cab(t, t

′) which are self-consistently given by the dy-
namics of θ via Cxx(t, t

′) = ⟨cos θ(t) cos θ(t′)⟩φ,
Cyy(t, t

′) = ⟨sin θ(t) sin θ(t′)⟩φ, etc. and the magnetiza-
tion (mx(t),my(t)) = (⟨cos θ(t)⟩φ, ⟨sin θ(t)⟩φ). By solv-
ing eq. (3) numerically [48], we determine for λ = 0 the
time dependence of the order parameter m(t) (Fig. 1(b))
and the stationary auto-corrletation function C(t) =
limt0→∞ C(t + t0, t0) (Fig. 1(b), inset), which approach
exponentially fast either zero in the disordered phase
or ms > 0 and m2

s, respectively, in the flocking phase.
These results also confirm the flocking transition to be at
J0,c = 1.1 for λ = 0. The complete J0-λ phase diagram
obtained by numerically integrating (1) and performing
finite-size scaling [49] is shown in Fig. 1(c)).

In contrast to the purely relaxational behavior of the
DMFT (N → ∞) of uncorrelated randomness (λ = 0) the
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FIG. 1. (a) Infinite range phase diagram for α = 1 and
λ = −0.5(circle), 0(square), and 0.5(cross). Inset: Log-
log plot of the phase diagram. Black dashed line indicates
J0 ∼ N−1/2. (b) Order parameter m(t) (3) for different J0
at λ = 0 obtained by solving the DMFT eq.(3). The critical
point is J0,c ≈ 1.1. Inset: Correleation function C(t) for the
same values of J0 as in main figure. (c) J0-λ phase diagram for
α = 1/2. Green: disordered phase, purple: flocking with re-
laxational dynamics(c.f. Fig. 2(a)); blue: flocking region with
non-relaxational dynamics (c.f. Fig. 2(b-d)), c.f. (d). Note
that this region shrinks with increasing N (see text). Orange:
static flocking. The blue line indicates the disorder-flocking
phase boundary [49], the red line represents the spin glass
region at λ = 1. The red triangle locates the critical point
from DMFT at λ = 0. (d) Fraction of disorder-realizations
displaying non-relaxational dynamics pnr as a function of J0
(at λ = 0). The black dashed line indicates the critical point
from DMFT. pnr > 0.15 defines the blue region in (d).

dynamics of a finite system (N <∞) is much more inter-
esting and can exhibit oscillations, rotations and vibrat-
ing oscillations as shown in (Fig. 2(b-d)). These attrac-
tors emerge in the whole blue region of Fig. 1(c) within
the flocking phase, and persist up to, but not including,
λ = 1. At λ = 1 eq.(2) predicts a zero-temperature spin
glass phase in which the angles θi relax into a local energy
minimum of the underlying XY-Hamiltonian and freeze.
We analyze the non-relaxational behavior for finite N by
linearizing the equation of motion by θi = θ0 + δi for
J0 ≫ J0.c. The linearized equation of motion is then

˙⃗
δ = J∗δ⃗ , (4)

where [J∗]ij = Jij/
√
N + J0/N for i ̸= j and [J∗]ii =

−
∑
j ̸=i[J

∗]ij . While the eigenvalue spectrum of the origi-

nal interaction matrix J follows the circular law [50], that
of the linearized matrix J∗ is deformed due to rotational
symmetry

∑
j [J

∗]ij = 0 (Fig. 2(e)). The ferromagnetic
bias J0 only shifts the entire eigenvalue spectrum of J∗

by −J0 along the Re z axis, except for the Goldstone
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FIG. 2. Emergence of non-relaxational dynamics for finite N with infinite-range interactions. (a-d) Time evolution of ψ(t)

for a single realization of interaction matrix [J]ij = Jij/
√
N with N = 1024 and λ = 0: (a) flocking with diffusive ψ(t), (b)

vibrating oscillation, (c) oscillation, and (d) rotation. (e) Eigenvalue spectrum of the same interaction matrix J as in (a-d)
and the corresponding linearized matrix J∗, for J0 = 0. The red dashed line indicates the circular law for λ = 0 [50] and z1
depicts the maximum eigenvalue, which locates the critical exceptional point(CEP): Increasing J0 shifts the spectrum to the
left, at the CEP z1 ≈ 3.47 hits zero. (f) Time evolution of ψ(t) near the CEP. J0 > z1 corresponds to the static phase with
perfect alignment. For J0 ≲ z1 the system exhibits chiral motion. Clockwise or counter-clockwise rotation depends on the
initial condition. (g-h) Probability distribution of the time averaged angular velocity P (Ω) in the steady state for fixed N and
varying J0 in (g) and fixed J0 and varying N in (h).
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FIG. 3. Finite range interactions (R = 1, λ = 0): (a)
Phase diagram for α = 1. Region between the disordered
and the single-cluster phase indicates long range order m > 0
without condensation. Inset: Configuration snapshot (L =
1024) of growing clusters in the single cluster region at the
point marked with green star in (a). (b,c) Time evolution of
magnetization m(t) and the relative size of the largest cluster
nc(t) at the red and green point marked in (a). (d) As in
(a) for α = 1/2. Inset: Configuraton snapshot in the ordered
region at the orange triangle in (c). (e) Binder cumulant
G = 1− ⟨m4⟩/(3⟨m2⟩2) at the transition (ρ = 2).

mode v0 = N−1/2(1, · · · , 1)T , whose eigenvalue remains

at zero.
As J0 decreases the eigenvector with the eigenvalue

z = z1 coalesces with ”the Goldstone mode at z = 0”
[49] at J0 = z1. This is the hallmark of a critical excep-
tional point (CEP) [52–54] beyond which chiral motion
emerges (Fig. 2(f)). At the CEP, all angles still stay close
and begin to rotate collectively. As J0 decreases further,
one ”outlier” θout gradually deviates from the the other
angles but continues to rotate with them. As soon as the
angle-difference reaches π, the chiral motion stops and
the static ordered state [49] is restored and remains sta-
ble until a second instability arises. The nature of the
second instability can be a Hopf bifurcation or again a
critical exceptional point, depending on eigenvalue spec-
trum. In the bulk spectrum, where multiple instabilities
contribute, we observe non-relaxational behaviors shown
in Fig. 2(b-d) at sufficiently high J0(Fig. 1(d)). Notably,
the chiral states also exists for finite range interactions
if all particles are located within a small circle and have
sufficiently small self-propulsion speed v0 [49].
To render this complex finite-N behavior consistent

with the mean-field predictions (N → ∞) we analyzed
the finite-size behavior of the probability distribution of
the stationary angular frequency Ω = ⟨ψ(t)⟩, where ⟨. . .⟩
denotes a time average. Fig. 2(h) shows that the support
of P (Ω) shrinks with increasing systems size N , which
implies that any rotational motion of the order parameter
becomes on average slower with increasing system size
and ceases in the limit N → ∞. We note that even
for large but finite system sizes still slow rotations exist,
which renders a precise extrapolation of observables to
infinite system size by integrating (2) computationally
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FIG. 4. Clique formation for finite range interactions (R = 1, λ = 0, α = 1/2, ρ = 0.25). (a) Schematic diagram of the
clique detecting algorithm [51]. Each set {· · · } represents connected components and arrow depicts particle flows between
connected components in different time. The colored regions indicate three potential cliques: {2, 3, 7}(blue), {0, 1, 4}(red), and
{6, 8}(green). (b) Time evolution of the number of interacting neighbors of a specific particle and the size of the largest clique
containing it. (c) Snapshot of a particle configuration for J0 = 0. Cliques are represented with colors according to its size.
Inset: Zoomed-in snapshot of the region indicated by the gray square. (d) P (n, τ) at J0 = 0 averaged over many disorder
realization. Inset: ⟨J+(n, τ)⟩ at the same parameters as (d). (e-f) P (n) for different J0 values and its characteristic cluster
size n∗. (g-h) P (τ) for different J0 values and its characteristic lifetime τ∗. The red dashed line in (g,h) represents the critical
point J0,c at ρ = 0.25.

unfeasible. Nevertheless, the proper N → ∞ limit is
given by the solution of eq.(3).

Finite interaction range: – In the case of a finite inter-
action range, R, we integrate (1, 2) using Euler method
with time step dt = 0.05, propulsion speed v0 = 0.5. We
set R = 1 and discuss here only uncorrelated randomness
λ = 0. For α = 1 flocking already occurs for small align-
ment bias J0 ≪ J(= 1), which decreases with increasing
density, ρ = N/L2, as shown in Fig. 3(a), reminiscent
of the decrease of J0,c(N) with N for the infinite range
case. In the flocking phase, except for small ρ, the sys-
tem eventually evolves into a single dense cluster in which
all particles are tightly packed and move coherently(inset
of Fig. 3(a)). This single-cluster phase emerges via nu-
cleation: once a denser cluster forms, the contribution of
the alignment bias to the interactions dominates over the
random contribution due to the α = 1 scaling, such that
the cluster eventually absorbs all particles(Fig. 3(c)).

For α = 1/2, the critical alignment bias, J0,c, also de-
creases with increasing density, ρ, as shown in (Fig. 3(d)).
Here the flocking phase does not consist of a single clus-
ter as for α = 1, but is a globally ordered state since
the α = 1/2 scaling does not suppress the randomness at
large local densities. The transition from the disordered
phase to the flocking phase is discontinuous(Fig. 3(e)),
reminiscent of the Vicsek model [46, 55]. In contrast to
the Vicsek model, the system does not exhibit a coex-
istence phase, and the density profile remains homoge-

neous(Fig. 3(d)).
Clique formation: – Instead, both disordered and or-

dered phase in the low density regime are characterized
by clique formation, where transient clusters of coher-
ently moving particles emerge and disintegrate dynam-
ically even in absence of a ferromagnetic bias J0 = 0.
To analyze these cliques, we construct interaction net-
works based on distance between particles at succes-
sive simulation times and track the evolution of their
connected components[51](Fig. 4(a)). Among the con-
nected components that persist over time, we define a
’clique’ C(n, τ) as a set of particles in a connected com-
ponent with size n and lifetime τ , restricted to those
with n ≥ 5 and τ ≥ 10(Fig. 4(c)). Fig. 4(b) represents
an example time series for a specific particle, illustrat-
ing that only a small subset of its interacting neighbors
actually form cliques with it. Fig. 4(d) shows P (n, τ),
the probability that a particle belongs to C(n, τ), aver-
aged over time and disorder. Both P (n) and P (τ) ex-
hibit exponential tail(Fig. 4(e),(g)) and the characteristic
clique size n∗ and lifetime τ∗ are extracted from expo-
nential fits(Fig. 4(f),(h)). Notably, here the life-time τ
of medium- and small-size cliques is actually sufficiently
long for them to traverse half of the system.
The formation of a clique is driven by the self-assembly

of particles with predominantly mutual aligning inter-
actions ⟨J+(n, τ)⟩ > 0, where J+(n, τ) is an average of
Jij+Jji over the members i, j of a clique, as shown in the
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inset of Fig. 4(d). Cliques disintegrate when they collide
with other strongly interacting particles or cliques [49].
When compared with clusters emerging in the disordered
phase of the conventional Vicsek model with homoge-
neous alignment interactions one notes that in the latter
clusters are typically larger but have shorter life-times.

Conclusion – We have shown that flocking can occur
in an ensemble of self-propelled particles with a random
mixture of non-reciprocal aligning and ant-aligning inter-
actions. It turns out that the scaling of the interactions
with the number of interaction neighbors is crucial: if the
alignment bias and the random part scale identical, flock-
ing always emerges at sufficiently large density. If they
scale differently such to produce a non-trivial mean-field
limit, long-range order only exists for sufficiently large
alignment bias and additional complex states emerge:
spurious chiral states for finite systems and intermittent
self-assembled cliques even without alignment bias. In a
subsequent publication [56] we discuss the robustness of

these phenomena in the presence of noise or the introduc-
tion of the Vicsek update rules for directional changes.
Also the variation of the degree of non-reciprocity bears
interesting aspects as an enhanced tendency to order for
λ→ 1 and an emerging spin glass phase at λ = 1.
Our results may serve as a starting point for the study
of multi-species flocking models with non-random but
complex non-reciprocal inter-species interactions in the
following sense: As non-reciprocal interactions are used
to generate temproal sequences of patterns in neural
network models [24] or for dynamical control of self-
assembled immobile structures and transitions between
[57] we expect that programmable non-reciprocal inter-
actions in flocking models as the one analyzed here could
be a tool to create mobile ”shape-shifters” made of self-
propelled particles that arrange in a pre-determined tem-
poral sequence of patterns with varying shapes. It would
be worthwhile to examine this vision in future work.
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I. FINITE SIZE SCALING AT THE CRITICAL POINT J0,c

.
In the infinite range limit we determine N -dependent critical point J0,c(N) For α = 1 using the order parameter

susceptibility, defined as

χ(J0, N) = N
(
⟨m2⟩ − ⟨m⟩2

)
(S1)

where ⟨· · · ⟩ denotes an average over time and over the random matrices Jij , and the order parameter is given by

m(t)eiψ(t) = N−1
∑
j e
iθj(t). We define J0,c(N) as the values of J0 at which the order parameter susceptibility reaches

its maximum(Fig.S1(a)).
In the infinite-range limit, the cases α = 1 and α = 1/2 differ only by the scaling of nonreciprocal alignment.

Therefore, for any finite N the properties of the system with α = 1/2 at alignment bias J0 are equivalent to the

properties of the system with α = 1 at alignamnet bias J0
√
N . We confirm this relation by computing the Binder

cumulant, defined as

G = 1− ⟨m4⟩
3⟨m2⟩2

(S2)

The critical point of the infinite system (N → ∞, α = 1/2) is given by the intersection point of the Binder cumulant
G for different N . For both cases, for α = 1 (after rescaling of J0) and α = 1/2, the intersection point is at J0,c ≈ 1.1,
which is consistent with the mean field prediction from eq.(3) of the main text.

For general λ ̸= 0 the disorder-flocking transition line in Fig.1(c) in the main text is also obtained by using finite
size scaling and the Binder cumulant.

0 0.1 0.2 J0

0

3

6
(a)α = 1

N = 32

N = 64

N = 128

N = 256

N = 512

0.9 1.1 1.3 J0

√
N

0.4

0.5

0.6

(b)α = 1

N = 32

N = 64

N = 128

N = 256

N = 512

0.9 1.0 1.1 1.2 J0

0.4

0.5

0.6

(c)α = 1/2

N = 256

N = 512

N = 1024

χ G G

FIG. S1. (a) Order parameter susceptibility χ for the α = 1 case. (b-c) Binder cumulant G across the flocking transition for
(b) α = 1 with rescaled J0, and (c) α = 1/2. The black dashed line indicates the critical point obtained from DMFT.

II. CHIRAL STATES IN FINITE SYSTEMS (INFINITE RANGE, λ = 0

In this section, we show that the rotational motion at J0 = z1 originates from the critical exceptional point(CEP).
We mainly focus on a single realization of interaction matrix, shown in Fig. 2(d) in the main text, but the qualitative
behaviors remain robust for other realizations.
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FIG. S2. Eigenvalue spectrum of J∗ with (a) J0 = 0 and (b) J0 = 4.0. The red square depicts the Goldstone mode

v0 = N−1/2(1, · · · , 1) and z1 denotes the largest eigenvalue of J∗. Inset in (a): Components of a typical bulk eigenvector
vtyp(red circles) and the leading eigenvector v1 associated with z1 at J0 = 0(black pluses). v1 exhibits highly localized
structure, and we refer to its largest component as the ’outlier component’. This outlier component is depicted as a red circle
in (f-h), where it drives global chiral motion. (c) Overlap between the leading eigenvector v1 and the Goldstone mode v0.

The peak at J0 = z1 indicates their coalescence. (d) Steady-state angular frequency Ω ≡ ⟨ψ̇(t)⟩. (e) Angle difference between
the outlier component and the order parameter ∆θ ≡ θout − ψ. (f-h) Steady-state configurations {θi} at different J0 values:
(f) J0 = 3.45, (g) J0 = 3.48, and (h) J0 = 3.50. See also ‘movie1’. The red circle depicts the outlier component θout(t),
corresponding to maximum component of v1(see inset of (a)).

In mean-field limit with α = 1/2, the equation of motion reduces to

θ̇i(t) = −
∑
j

(
Jij√
N

+
J0
N

)
sin(θi(t)− θj(t)) (S3)

When J0 ≫ 1.1J , phase differences between oscillators become negligible, thus the system remains perfectly syn-
cronized state θi(t) = ψ(t) + δi(t), where ψ(t) denotes the phase of magnetization. In this limit, we can approximate
(S3) as

δ̇i = −
∑
j

(
Jij√
N

+
J0
N

)
(δi − δj) ⇒ ˙⃗

δ = J∗δ⃗ (S4)

where the components of linearized interaction matrix J∗ are given by [J∗]ij = Jij/
√
N + J0/N for i ̸= j and

[J∗]ii =
∑
j ̸=i[J

∗]ij . The diagonal component forces the zero-row-sum condition
∑
j [J

∗]ij = 0, which originates

from the rotational invariance of (S3). As a consequence, the Goldstone mode v0 = N−1/2(1, · · · , 1) associated with
rotational invariance exists with zero eigenvalue z0 = 0, marked in Fig. S1(a,b).

Although the eigenvalue spectrum of the interaction matrix [J]ij = Jij/
√
N exhibits the circular law [50], rotational

invariance significantly deforms the eigenvalue spectrum. In addition, the presence of ferromagnetic bias J0 acts as
a rank-1 perturbation on J∗, which uniformly shifts the whole spectrum by −J0 along the Re z axis, except for the
Goldstone mode(Fig. S2(a,b)). As a result, when J0 > z1, where z1 denotes the largest eigenvalue, all eigenvalues
have a negative real part and only the Goldstone mode remains at z = 0. As J0(> z1) decreases, z1 approaches z = 0
and eventually collides with the Goldstone mode at J0 = z1. And the eigenvector v1 associated with z1 coalesces with
the Goldstone mode v0 at this point, indicating the CEP(Fig. S2(c)) [52–54].
As soon as J0 crosses the CEP, the system exhibits spontaneous chiral motion, where all oscillators rotate with

a constant angular velocity Ω, see Fig. S2(c) and ‘movie1’. The direction of chiral motion depends on the initial
condition, and we generally observe counter-clockwise and clockwise rotation with an equal probability. When the
chiral motion takes a place, the steady-state configuration {θi} has a special structure: While all other oscillators
remain close each other, an ’outlier’ θout maintains non-zero angle difference with them, which is described by ∆θ =
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FIG. S3. Snapshots from ’movie3’ for different self-propulsion s peeds: (a,b) v 0 = 0.0005 and (c,d) v 0 = 0 .0001. The red arrow 
and circle depict θout and its interaction range. For larger v0(a,b), θout partially loses its interacting neighbors as it moves, and 
whole system restores perfect alignment. In contrast, for small v0(c,d), all particles remains within their interaction range and 
chiral motion is stable.

θout − ψ(Fig. S2(f-h)). The angle difference i ncreases a s J 0 decreases(Fig.S2(e)) and r eaches π . The steady-state 
angular frequency approaches to zero as ∆θ approaches π(Fig.S2(e)), and static flocking phase is restored where only 
’outlier’ points opposite direction with others(Fig.S2(f)).

The second instability appears as the second largest eigenvalue hits zero. Its nature depends on disorder realization: 
When second largest eigenvalue is real(or complex with its conjugate), then it exhibits CEP(oscillatory instability). 
Observed complex behaviors in the main text appear in bulk spectrum region, where multiple instabilities contribute.

III. CHIRAL STATES WITH FINITE INTERACTION RANGE

In this section, we discuss the possibility of spontaneous chiral motion with a finite interaction r ange. As in the main 
text, we set the interaction range to R = 1. We find that a spontaneous chiral state can emerge in finite interaction 
range, but only under specific initial c onditions: All particles are located in a small region(smaller than R) and the 
propulsion speed v0 should be sufficiently small. The initial orientations can be randomly assigned.

Fig. S3(see also ’movie3’) shows such a case at J0 = 3.47 using the same interaction matrix as Fig. S2 for different 
v0. Starting from the given initial conditions, the system gradually develops a spontaneous chiral motion with the 
same angular frequency Ω, provided that all inter-particle distances stay within the interaction range R. Since each 
particle follows a circular motion of radius r = v0/Ω, the condition that this chiral state remains stable is given by
v0 ≲ Ω. If v0 exceeds the threshold, θout loses some interaction neighbors(Fig. S3(a,b)), and the coherent chiral motion 
breaks down. In contrast, for the case where v0 is sufficiently small, the chiral motion remains stable(Fig. S3(c,d)).

IV. DESCRIPTION OF SUPPLEMENTAL MOVIES

The interaction matrix used in movies (1-3) is identical to that in Fig. 2 of the main text. Movies are also available 
at https://doi.org/10.5281/zenodo.15773100.

• movie 1: Emergence of spontaneous chiral motion near the critical exceptional point(CEP). Parameters: N =
1024 and λ = 0.

• movie 2: Various phase behaviors in flocking phase: (a) flocking with relaxational dynamics, (b) vibrating
oscillation, (c) oscillation, and (d) rotation. Parameters: N = 1024 and λ = 0.

• movie 3: Chiral state in finite-range interactions. The system starts from an initial condition where particles
are confined within a small region and have random initial orientations. Parameters: N = 1024, λ = 0, and
J0 = 3.47.

• movie 4: Clique formation in steady-state at J0 = 0. The color represents the size of each clique, and black
arrows indicates long-living pair(or triplet) with lifetime τ > 150. Parameters: Lx = Ly = 128, λ = 0, ρ = 0.25,
R = 1, and J0 = 0.

https://doi.org/10.5281/zenodo.15742180
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