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Disorder-induced phases in higher-spin antiferromagnetic Heisenberg chains
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Extensive density-matrix renormalization-group calculations for spinS51/2 andS53/2 disordered antifer-
romagnetic Heisenberg chains show a rather distinct behavior in the two cases. While at sufficiently strong
disorder both systems are in a random singlet phase, we show that weak disorder is an irrelevant perturbation
for theS53/2 chain, contrary to what expected from a naive application of the Harris criterion. The observed
irrelevance is attributed to the presence of a new correlation length due to enhanced end-to-end correlations.
This phenomenon is expected to occur for all half-integerS.1/2 chains. A possible phase diagram of the chain
for genericS is also discussed.
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I. INTRODUCTION

A simple model where the effects of the interplay betwe
quantum fluctuations and disorder can be studied in g
detail is the spin-S random antiferromagnetic Heisenbe
~AFH! chain with Hamiltonian

H5(
i

JiSW i•SW i 11 , ~1!

whereJi.0 are quenched random variables.
In the absence of randomness (Ji5J) quantum fluctua-

tions lead to qualitatively different behavior for half-integ
(S51/2,3/2, . . . ) and integer (S51,2, . . . ) values of the
spin.1 Half-integer spin chains have a gapless spectrum
quasi-long-range order. It is believed that they all belong
the same~bulk! universality class independently onS.2 This
was explicitly verified numerically for theS53/2 chain,3

which was found to have the same bulk decay exponen
for the S51/2 chain. Integer spin chains are instead gap
and have a hidden topological order.4

The effect of quenched randomness on the AFH cha
can be studied by the strong disorder renormalization-gr
~SDRG! method. This technique consists in successiv
decimating out the strongest bond in the chain.5 For theS
51/2 chain the SDRG procedure can be carried out in g
detail and yields a probability distribution of coupling co
stants that under renormalization is broadened without lim
and in the so-called infinite randomness fixed point
method becomes asymptotically exact. At this fixed po
describing the so-called random singlet~RS! phase,6 the en-
ergy scaleG, and the length scalej are related via lnG
;jc, which differs from scaling at a conventional~random!
fixed point, whereG;j2z with a finite dynamical exponen
z. Numerical studies on random spinS51/2 antiferromag-
netic chains generally agree with the SDRG results,7,8 al-
though some issues are still debated.9

For S.1/2 the SDRG procedure requires a higher deg
of approximations with respect to theS51/2 case. A spinS is
represented by a maximally symmetrized combination ofS
0163-1829/2004/69~14!/144416~5!/$22.50 69 1444
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identicalS51/2 spins. The SDRG decimation then produc
effective spins of magnitudesSeff<S obtained by linking the
spin-1/2 objects into correlated singlets. For theS51 case an
SDRG analysis shows that a sufficiently strong randomn
induces a RS phase withSeff51, separated from the gappe
phase by a gapless region of Griffiths singularities10 ~the
gapless Haldane phase11! in which the dynamical exponentz
increases with disorder. A recent SDRG study12 of the disor-
dered AFH chain withS53/2 indicated the existence of tw
phases: At strong disorder the relevant degrees of free
areSeff53/2 spins, while at weaker disorder they are of ty
Seff51/2. Both phases are of RS type with identical critic
exponents. A quantum critical point separating them is
pected to have specific multicritical exponents.12,13

As the SDRG method might fail at weak disorder,
predictions should be tested by means of accurate nume
analysis, which is the aim of the present paper. We w
present numerical evidences, supported by theoretical a
ments, that the phase diagram for theS53/2 spin chain dif-
fers from what predicted by SDRG.12 Our numerical results
support the existence of a RS phase only for sufficien
strong disorder, while weak disorder appears to be an ir
evant perturbation for the system.

II. NUMERICAL RESULTS

Here we analyze the critical behavior of the AFH chai
with varying degree of disorder by means of density-mat
renormalization-group ~DMRG! techniques.14 Numerical
calculations are restricted to theS<3/2 case, and the disor
der average is performed on 103–104 samples taken from the
distribution

pd~J!5d21J2111/d for 0<J<1, ~2!

where d25var@ ln J# measures the strength of disorder. A
usual in DMRG~Ref. 14! we use open boundary condition
and keep typicallym580– 100 states in the renormalizatio
procedure. In order to obtain numerically stable results
use the DMRG finite system method performing seve
‘‘sweeps’’ (;4 – 5) through the chain,14 which is an essentia
©2004 The American Physical Society16-1
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step in the DMRG procedure. The DMRG calculations
the S53/2 chain have been extended up toL532 for weak
disorder, while at stronger disorder the procedure tend
become less stable and we had to restrict ourselves to sh
chains. However, the physical behavior in the strong disor
regime turns out to be quite well understood, while, in vie
of the limitations of the SDRG at weak disorder, it is pr
cisely this regime which is physically the most interesting.
the weak disorder regime the DMRG is a rather stable
reliable technique.

A. Correlation functions

In order to emphasize the differences between the
cases we present together the results for theS53/2 andS
51/2 chains for the spin-spin correlation function defined

C~ i , j !5@^Si
zSj

z&#av, ~3!

where@•••#av denotes the averaging over quenched disor
The correlation function obviously does not depend on
spin direction.

Figure 1~a! shows a plot of the surface-surface correlati
function CL

s[C(1,L) plotted as a function of 1/L for S
51/2 (d50.3) andS53/2 (d50.3, 0.8). In a RS phase on
expects that asymptotically inL the surface-surface correla

tion vanishes asCL
s;L2hRS

s
with hRS

s 51.8 This is indeed
observed in the caseS51/2. In theS53/2 case insteadCL

s

extrapolates to a finite value which indicates the presenc
a surface ordering phenomenon or, in other words, a fi
order surface transition~formally hs50). The same type o
behavior is observed for theS53/2 chain in the absence o
randomness.15

To obtain the bulk exponenth we considerC(1,L/2) the
correlation function between an edge and a spin in
middle of the chain, which decays asymptotically
C(1,L/211);L2(h1hs)/2. Thus each point of referenc

FIG. 1. Average correlations in the randomS51/2 and 3/2
chains with disorder strengthsd50.3 ~circles! andd50.8 ~squares!.
~a! End-to-end correlations; dashed lines are linear fits of the d
~b! CL vs L in a log-log scale. Here the dashed line shows the de
in the pure system (1/L) and in a RS phase 1/L2.
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brings its local scaling dimension,h/2 and hs/2, respec-
tively. In order to eliminate the surface exponent contributi
we consider the ratio

CL[
C~1,L/211!C~L/2,L !

CL
s

, ~4!

which decays asymptotically asC L;L2h. The plot of lnCL
versus lnL is shown in Fig. 1~b!. In the pure system the bulk
exponent ish51, while in a RS phase one expectshRS
52. The numerical data forS53/2 are quite consistent with
a 1/L decay, which seem to be in disagreement with
existence of a RS phase at weak disorder, but rather sup
the same critical behavior as for the pure system.

In the S51/2 case the data are not fully consistent w
the expected RS exponenthRS52, shown as a dashed line
but are characterized by an increasing slope asL increases in
the log-log scale, which is an indication that the asympto
regime has not yet been reached. This slope in any cas
clearly larger than 1. Notice that for the calculation of t
bulk exponent we use a combination@see Eq.~4!# of corre-
lation functions between an edge spin and a spin in
middle of the chain. As the distance between these spin
L/2, it is plausible thatCL is plagued by stronger finite-siz
corrections compared to the surface-surface correlation fu
tion CL

s .

B. Dynamical exponent

We consider next the dynamical singularities in the s
tem, which are related to the integrated probability distrib
tion V(«) of the smallest energy gap«. This quantity, for
small «, behaves as

V~«!;«1/z8. ~5!

If z8,1 quantum fluctuations dominate and the true dyna
cal exponent isz51, as in the pure system. Ifz8.1 the
disorder and quantum effects compete and the singular p
erties of the system are governed by a conventional rand
fixed point withz5z8. In the RS phasez5z8→`.

Figure 2 shows plots of lnV(«) versus ln« for S53/2 ~a!
and S51/2 ~b!. The different scaling behavior for the tw
values of the spin can be seen by comparing the data for
same strength of disorder (d50.3). In theS51/2 chain the
distribution becomes broader by increasing the chain len
while in theS53/2 chain lnV(«) tends to have a finite non
vanishing slope for small«, implying that 1/z8.0, a con-
clusion which is at odds with a RS phase.

For sufficiently strong disorderd53, however, also the
S53/2 spin chains show a broadening gap distribution@Fig.
2~a!#. The inset of Fig. 2 presents a graph of lnV(«) plotted
as a function of the rescaled variable ln«/Lc, with c51/2, as
expected in the RS phase.16 Similar results were also found
at d52. At such strong values of disorder, due to difficulti
in the convergence of the DMRG method, we restricted o
selves to exact diagonalization data of rather short chainL
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<10. The asymptotic behavior is, however, reached alre
for rather small chains, as the good collapse of the data o
inset of Fig. 2 demonstrates.

We have also calculated the dynamical exponent from
distribution of the end-to-end correlation functionsCL

s ,
which is expected to scale as17

Pe~CL
s !;~CL

s !1/z8. ~6!

Figure 3 shows a plot of the exponent 1/z8(L) versus 1/L,
for d50.3 obtained from the analysis of the gap and of
correlation function@Eqs.~5! and~6!#. Both estimates lead to
a finite valuez8'0.13. One may wonder whether this is
genuine effect or just due to a very slow convergence t
possible asymptotic behavior consistent with a RS ph
1/z8(L)→0. On the view of our numerical results we belie
that the latter scenario is rather unlikely, as it would requ
also a nonmonotonic scaling inL of 1/z8(L) for the data
obtained from the gap.

In a similar way we estimated the dynamical exponent
other strengths of disorder. Ford50.8 we findz850.8(2).

FIG. 2. Integrated probability distribution of the first gap
log-log scale.~a! S53/2, d50.3 (L54, 8, 12, 16, 20, 24, 32 from
left to right! and d53 (L54, 6, 8, 10! shown as solid lines.~b!
S51/2, d50.3 (L54, . . .,24, 32! shown as dashed lines. Inse
Collapse of the data forS53/2 andd53 as expected in a RS phas
(L54, 6, 8, 10!.

FIG. 3. Finite-size analysis of the inverse dynamical expon
1/z8 as a function of the inverse chain length 1/L for S53/2 at weak
disorderd50.3. In the RS phase one would expect 1/z8→0.
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At d52 and even stronger disorder the scaling is consis
with a RS behavior. The borderline between the RS ph
and the weak disorder phase seems to be located at ar
d51.

C. About the Harris criterion

The numerical results for the correlation functions and
the gap distribution strongly suggest that at weak disor
the S53/2 chain has the same critical properties as in
pure case, i.e., the disorder isirrelevant.18 For sufficiently
strong disorder the DMRG results show also that the sys
is in a RS phase, therefore there is a transition induced by
strength of disorder. The analysis of both the gap and co
lation functions indicates that the region of irrelevance e
tends up tod51.

According to the Harris criterion19 disorder isrelevant if
an appropriately defined correlation length20 in the pure sys-
tem diverges with an exponentn such that 2/n.d ~hered
51). In the present case, as the disorder is coupled to
local energy operator,SW i•SW i 11, the correlation lengthj en-
tering in the Harris criterion is that associated to the stren
of the dimerizationt defined as the amplitude of the alte
nated modulation of the coupling constants:Ji511
(21)i t. In the limit t→0 this correlation length diverges a
j;utu2n. In the S51/2 case,n52/3,2,21 implying rel-
evance of weak disorder.

In the S53/2 case there is no numerical result availab
for the critical exponentn, therefore we have analyzed th
scaling behavior of the smallest gaps as a function oft. Scal-
ing plots are given in Fig. 4 and as a comparison the sa
quantities for theS51/2 chain are shown in Fig. 5. The gap
are expected to scale as

«k~L,t !5L2zk«̃k~L1/nkt !, ~7!

with «̃k a scaling function and wherek51,2 label the first
and second gaps.22 As shown above for theS53/2 at weak
disorder and for the pure system the surface is orderedt
<0, i.e., the correlation function between the edge spin
finite in the limit L→` ~for L even!. There are severa
known examples of models with spontaneous surface ord23

as the one observed in theS53/2 chain. In these cases on

t

FIG. 4. Finite-size scaling of the first~a! and second~b! gap in
the dimerizedS53/2 chain. Data collapse for the first gap is e
pected to work only in the disordered region (t.0).
6-3
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expects a localized low-energy excitation att50 with a gap
that vanishes faster than 1/L because the ground state is d
generate in the thermodynamic limit, i.e.,«1;L2zs with zs
.1. Indeed this can be seen in Fig. 4 for the smallest ga
the S53/2 case,«1. In the absence of dimerization th
quantity scales with an exponentzs'1.36.1, as shown by
the scaling collapse at the pointt50 in Fig. 4~a!. The figure
also shows that in the surface disordered regiont.0 a rea-
sonably good data collapse for«1 is obtained with the choice
L1/nst with ns52. Notice that in the surface ordered regio
t,0 no scaling collapse can be observed. All the other g
in the S53/2 are nonlocalized and scale withz51, as illus-
trated in Fig. 4~b! for «2, and their scaling form involves th
bulk correlation length,j;utu2n, with n'1. This estimate
for n is different from the valuen52/3 in theS51/2 chain.
We expect that the origin of this difference is due to t
existence of a dangerous irrelevant scaling variable,24 which
is generally observed at first-order surface transitions23 as in
this case.

Our numerical results, summarized above, can be c
pared with theoretical predictions in Ref. 25. In the reson
ing valence bond picture the low-energy excitations of
openS53/2 chain are expected to be described by effec
S51/2 edge-spin degrees of freedom, which are very wea
coupled to the rest of anS51/2 chain. In the thermodynami
limit the edge spins are expected to be decoupled, the e
tive coupling being logarithmically small, as 1/lnL. In this
picture the smallest gap~at t50) scales as«1;1/L ln L,
whereas the other gaps scale in the same way as for the
S51/2 chain. Our numerical findings disagree with this p
diction at two points. First, the localized gap has a faster s
dependence, our numerical results cannot be described
logarithmic correction. As a matter of fact for sizes we us
in the calculation the effective exponentzs is monotonously
increasing with the size and there is no sign of reversing
tendency. Data of previous numerical calculations in Fig
of Ref. 26 show also strong deviations from a pure logar
mic correction. Our second disagreement concerns the
ond gap att50, the value of which according to conform
invariance should be

«2~L,0!L5pvsxs ~8!

in the largeL limit. Here vs53.87 is the sound velocity3 for
theS53/2 chain andxs is the surface anomalous dimensio

FIG. 5. As in Fig. 4 forS51/2.
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which for the S51/2 chain is27 xs5hs/251. For the S
53/2 chain the results in Fig. 4 are considerably smaller,
estimate is aroundxs51/2. Thus there are very probably ne
operators for the openS53/2 chain, which are not present i
the S51/2 chain.

As a comparison we plot in Fig. 5 a similar scaling col-
lapse analysis for the first two gaps in theS51/2 case, using
a similar range of system sizes as in Fig. 4. Notice that
best collapse is obtained with a scaling variableL1.41t, im-
plying n'0.71, not far from the expected valuen52/3, a
difference which can be imputed to logarithmic correction

The analysis at finitet reveals that the dimerization
couples differently to theS53/2 chain with respect to the
S51/2 chain. We argue that the appropriate correlat
length to be used in the Harris criterion19,20 for the S53/2
chain isjs that associated to the smallest gap and thus w
ns52 the disorder is marginally irrelevant. An accumulatio
of weak bonds along the chain may result indeed in an
fective cut of the system. The resulting scenario is that
weakly interacting segments of finite length in which t
relevant length scale isjs , which is associated to a chai
with open boundary conditions.~We note that a similar sce
nario is used for the renormalization of randomS51 chains,
in which the effective coupling between spin-1/2 degrees
freedom is exponentially small.11! This scenario therefore
provides a plausible explanation for the observed irreleva
of weak disorder for the randomS53/2 chains.

III. CONCLUSION

We conclude by suggesting a general phase diagram
the spin-S AFH chains as a function of the strength of diso
der d. This phase diagram, shown in Fig. 6, is obtained
combining DMRG and SDRG results known for theS
51/2, S51, andS53/2 cases with some general argume
for higher S. First of all, differently from theS51/2 case,
where any amount of disorder is known to lead to a
phase, we expect that all chains forS.1/2 have a region of
irrelevance, the weak disorder~WD! region, where the sys
tem is either critical~half-integerS) or gapped~integerS).
This was already known forS integer. Our results for theS
53/2 chain suggest that it may be true also for noninte
spin.

At strong enough disorder allS are in a RS phase com

FIG. 6. Schematic phase diagram of the spinSAFH chain as a
function of the strength of disorderd. The RSS denotes a random
singlet phase where the relevant degrees of freedom are effectS
spins. The WD and ID are the region at weak and intermed
disorders.
6-4
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posed of effectiveSspins, which we indicate as RSS . For the
S51 case there is only one such phase (RS1), while a recent
SDRG study for S53/2 ~Ref. 12! predicts two distinct
phases: RS3/2 and RS1/2. We found no signatures of this spi
reduction transition in our DMRG calculations, which cou
be anyhow difficult to detect as the RS1/2 and RS3/2 have
identical critical exponents. There is also the possibility
have, for higher spins (S.3/2), a sequence of multiple R
phases of different nature. Possible phase diagram for hi
S has been recently discussed.13 We have indicated thes
transition lines in the phase diagram of Fig. 6, which, for t
time being cannot be supported by numerical results. Fina
the WD region may be separated from the RS phase~s! by an
intermediate disorder~ID! region where exponents vary con
tinuously with d, as observed in other models.28 For the
gapped~integerS) case this would correspond to a region
Griffiths singularities. The qualitative nature of the disord
induced crossover phenomena for theS51 chain is still de-
bated~see in Refs. 29 and 30!. We will discuss this issue in
a future publication.31

After this paper was submitted we became aware o
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