PHYSICAL REVIEW RESEARCH 7, L042059 (2025)

Flocking with random nonreciprocal interactions

Jiwon Choi®,! Jae Dong Noh®,? and Heiko Rieger® !
'Department of Physics & Center for Biophysics, Saarland University, Campus E2 6, 66123 Saarbriicken, Germany
2Department of Physics, University of Seoul, Seoul 02504, South Korea

® (Received 26 June 2025; accepted 1 November 2025; published 11 December 2025)

Flocking is ubiquitous in nature and emerges due to short- or long-range alignment interactions among
self-propelled agents. Two unfriendly species that antialign or even interact nonreciprocally show more complex
collective phenomena, ranging from parallel and antiparallel flocking over run-and-chase behavior to chiral
phases. Whether flocking or any of these collective phenomena can survive in the presence of a large number of
species with random nonreciprocal interactions remained elusive so far. As a first step here, the extreme case of
a Vicsek-like model with fully random nonreciprocal interactions between the individual particles is considered.
For infinite-range interaction, as soon as the alignment bias is of the same order as the random interactions,
the ordered flocking phase occurs, but deep within this phase, the random nonreciprocal interactions can still
support global chiral and oscillating states in which the collective movement direction rotates or oscillates
slowly. For short-range interactions, moreover, even without alignment bias self-organized cliques emerge, in
which medium-size clusters of particles that have predominantly aligning interactions meet accidentally and
stay together for macroscopic times. These results may serve as a starting point for the study of multispecies

flocking models with nonrandom but complex nonreciprocal interspecies interactions.

DOI: 10.1103/y26b-gfym

Introduction. Active matter consists of particles that con-
sume energy to use it as a fuel for movement, force generation,

deformation, or proliferation [1-4] and gives rise to collective
phenomena that are absent in equilibrium systems, like flock-
ing [5], motility-induced phase separation [6], spontaneously
flowing matter [7,8], or living crystals [9,10]. Recently, active
matter with nonreciprocal interactions (NRIs) has attracted
a lot of attention, for which paradigmatic examples are the
predator-prey relationship, visual perception [11,12], or flock-
ing of unfriendly species [13—17]. The hallmark of NRIs is the
emergence of a broad range of fascinating phenomena ranging
from the spontaneous emergence of traveling waves [18,19]
and chiral states [13] to odd viscosity [20], elasticity [21], and
diffusivity [22,23].

In systems consisting of particles with only two-body in-
teractions, nonreciprocity manifests itself by the violation of
Newton’s law “actio = reactio” such that the force or in-
fluence exerted by particle j on particle i, Fj;, is not equal
to —Fj;. In complex systems with many species of particles,
NRIs can be encoded in a nonsymmetric interaction matrix
Jij, as for instance, by nonsymmetric reaction rates for chem-
ical mixtures or predator-prey systems. For complex systems
consisting of a large number of species, this interaction matrix
is frequently assumed to be random as in the context of neu-
ral networks [24-27], ecological communities [28-31], the
immune system [32], coupled oscillators [33-36], and multi-
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species suspensions [37]. Random-field-type disorder, mean-
ing heterogeneous environments instead of interactions, has
been studied for the Vicsek model [38—42] and scalar active
matter [43,44], but the impact of random nonreciprocal (NR)
alignment interactions on flocking systems remains elusive.

Large ensembles of self-propelled particles may consist
of many species with varying interspecies interactions, each
of which can be aligning for friendly species or antialigning
for unfriendly species [45]. In the simplest case of only two
species, NRI gives rise to run-and-chase states, a traveling
wave in which one species follows the other, and chiral states,
in which all particles perform a coherent rotation [13-15,17],
in addition to the still possible flocking state, in which all
particles move collectively in the same direction. Whether
these collective phenomena can survive in the presence of
NRIs in a multispecies system is the question that we will
address in this paper. Under which circumstances can flocking
still occur or are chiral states still possible? If global order
is destroyed, could local order in the form of microflocks or
cliques occur? As a first step to shed light into these problems,
we consider here a Vicsek-like model with random NRIs and
tunable alignment bias between the individual particles. This
setting includes two different types of scenarios: (1) A group
of flocking animals of the same species is comprised of
individuals with a common alignment bias but assigns NR
corrections to the directional information received from other
individuals, corresponding to weak NR randomness, and
(2) a multispecies ensemble of self-propelled particles, in
which each particle belongs to a different species and has
its own NR alignment/antialignment rules with each of the
other particles, corresponding to strong NR randomness. We
will show that both scenarios bear the potential for collective
phenomena absent in the conventional one- or two-species
flocking models.

Published by the American Physical Society
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The paper is organized as follows: In the next section, we
define the model for which we first analyze the infinite-range
limit in the third section. Then, in the fourth section we discuss
finite-range interactions and discuss our results in the last
section.

Model. We consider N self-propelled particles or agents i,
characterized by a position r;(t) € L in a d-dimensional cube
of lateral size L (d = 2 in this paper, p.b.c.) and a movement
direction 6;(¢) € [0, 2x]. Their mutual tendency to move in
the same direction as friendly neighbors (alignment) or to
move in the opposite direction as unfriendly neighbors (an-
tialignment) is described by a (noiseless) Vicsek-like model
[5,46] defined by the equations of motion

£:(t) = vo (cos(0:(1)). sin(6;(1))), (1
Oty =-> ( fv’ — + %) sin@;(1) — 0,().  (2)
by |l |l

The alignment/antialignment interactions consist of an align-
ment bias Jo > 0 and of a random part J;;, which can be
aligning J;; > 0 or antialigning J;; < 0. The J;; are Gaus-
sian random variables with JTJ =0, ij = J?, and m = A2,
where A € [—1, 1] controls the degree of nonreciprocity. Con-
cretely, each interaction pair (J;;, J;;) is drawn from a bivariate
Gaussian distribution

PWij, Jji) =

I =20l + T,
2J2(1 — A%)

1
2 g2/ 1 — A2 P |:
(3)

In the limit A = %1, P(J;;, J;;) becomes singular: For A =1,
the interaction pair is strictly reciprocal (J;; = Jj;), while for
A = —1 it is antisymmetric (J;; = —J;;). We set J =1 and
measure Jy and time ¢ in units of J. vy denotes the self-
propulsion speed.

N; is the neighborhood of particle i, comprising all
particles j in a distance smaller than R, and |N;| is the
number of particles in this neighborhood. In the case of
infinite-range interactions (R — 00), |[N;| = N. The expo-
nent o € {1/2, 1} denotes different scalings of the interaction
strengths: o = 1/2 has to be chosen in order to obtain
a nontrivial mean-field limit N,R — oo, o =1 is legiti-
mate for any finite N and weights bias and randomness
similarly. Coherent motion of a flock is indicated by the or-
der parameter /() = 1/N ) _,(cos8;(t), sin6;(t)) = m(t) x
(cos ¥ (t), sin ¥ (t)), and flocking occurs when m(t) > 0.

Infinite-range limit: Phase behaviors. For R — oo, the
particle-particle interactions are independent of the particle
positions r; and the angles 6; evolve according to Eq. (2) with
|AV;]l = N. Flocking occurs when Jy is larger than a critical
alignment bias, which for o = 1 decreases with N as Jy ../ VN
[Fig. 1(a)], with Jy . = 1.1, implying that flocking emerges for
any Jy > 0 in the limit N — oo.

In contrast, for « = 1/2, Eq. (2) reduces in the limit N —
oo to a self-consistent stochastic single-particle dynamics or
dynamical mean-field theory (DMFT) [25,26,33,35,49]. For
A = 0, this DMFT is given by

0(t) = (¢y(t) + Jomy(t)) cos O(t)
— (pu(t) + Jomy(2)) sin O(t), 4
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FIG. 1. (a) Infinite-range phase diagram foro« = 1 and A = —0.5
(circle), O (square), and 0.5 (cross). Inset: Log-log plot of the phase
diagram. Black dashed line indicates J, ~ N~'/2. (b) Order param-
eter m(t) for different J, at A = 0 obtained by solving the DMFT
equation (4). The critical point is Jy . = 1.1. Inset: Correlation func-
tion C(¢) for the same values of Jy as in the main figure. (c) Jo-A
phase diagram for « = 1/2. Green: disordered phase; purple: flock-
ing with relaxational dynamics [cf. Fig. 2(a)]; blue: flocking region
with nonrelaxational dynamics [cf. Figs. 2(b)-2(d) and panel (d)].
Note that this region shrinks with increasing N (see text). Orange:
static flocking. The blue line indicates the disorder-flocking phase
boundary [47]) and the red line represents the spin glass region at
A = 1. The red triangle locates the critical point from DMFT at A =
0. (d) Fraction of disorder realizations displaying nonrelaxational
dynamics p,, as a function of Jy (at A = 0). The black dashed line
indicates the critical point from DMFT. p,, > 0.15 defines the blue
region in panel (d).

where ¢,(t) for a = x, y is Gaussian colored noise with zero
mean and correlations (@, (t)@,(t")) = Cyup(t,t"), which are
self-consistently given by the dynamics of 6 via Cy,(¢,t") =
(cos@(t)cos (1)) g, Cyy(t,t') = (sinO(¢)sin6(t')),, etc. and
the magnetization (m,(t), my(t)) = ({cos (1)), (sin(1)),).
By solving Eq. (4) numerically [50], we determine for
A =0 the time dependence of the order parameter m(t)
[Fig. 1(b)] and the stationary autocorrelation function C(¢) =
limy, oo C(t + to, tp) [Fig. 1(b), inset], which approach expo-
nentially fast either zero in the disordered phase or m, > 0
and m?, respectively, in the flocking phase. These results also
confirm the flocking transition to be at Jy, = 1.1 for A = 0.
The complete Jp-A phase diagram obtained by numerically
integrating Eq. (1) and performing finite-size scaling [47] is
shown in Fig. 1(c).

Infinite-range limit: Nonrelaxational dynamics for finite N.
In contrast to the purely relaxational behavior of the DMFT
(N — o0) of uncorrelated randomness (A = 0), the dynamics
of a finite system (N < o0) is much more interesting and can
exhibit various nonrelaxational dynamics such as oscillations,
rotations, and vibrating oscillations as shown in Figs. 2(b)—
2(d) and Movie S2 of the Supplemental Material [47]. These
attractors emerge in the whole blue region of Fig. 1(c) within
the flocking phase and persist up to, but not including, » = 1.
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FIG. 2. Emergence of nonrelaxational dynamics for finite N with infinite-range interactions. (a)—(d) Time evolution of magnetization phase
¥ (t) for a single realization of interaction matrix [J];; = J;;/ /N with N = 1024 and A = 0: (a) flocking with diffusive ¥ (¢), (b) vibrating
oscillation, (c) oscillation, and (d) rotation (see Movie S2 of the Supplemental Material [47]. Each line in panels (a)—(d) represents trajectories
of () starting from different initial conditions. (e) Eigenvalue spectrum of the same interaction matrix J as in panels (a)-(d) and the
corresponding linearized matrix J*, for Jy = 0. The red dashed line indicates the circular law for A = 0 [48] and z; depicts the leading
eigenvalue of J*, which locates the critical exceptional point (CEP): (f) Decreasing Jy > z; shifts the spectrum to the right, and z; hits zero
at the CEP (z; &~ 3.497) and (g) overlap between eigenvector v; associated with z; and the Goldstone mode v, reaches 1, indicating two
eigenvectors coalesce. (h), (i) Steady-state angle configuration near the CEP. (h) For Jy = 3.48 < z;, the outlier component 8, is separated
from the others with constant angle difference A6 = 6., — ¥ and drives global chiral motion with constant angular velocity 2. (i) For
Jo = 3.50 > gz, all angles are perfectly aligned. (j) Probability distribution of the time-averaged angular velocity P(£2) in the steady state for

fixed Jo = 2.2 and varying N.

At ) = 1, Eq. (2) predicts a zero-temperature spin glass phase
in which the angles 6; relax into a local energy minimum of
the underlying XY Hamiltonian and freeze. We analyze the
nonrelaxational behavior for finite N by linearizing the equa-
tion of motion by 6; = ¢ + §; for Jy > Jy.. The linearized
equation of motion is then

5= J°s. (5)

where [J*);; = Jij/'N+Jo/N for i#j and [J'];=
-y j2ild7lij. While the eigenvalue spectrum of the origi-
nal interaction matrix J follows the circular law [48], that
of the linearized matrix J* at Jy = 0 is deformed due to
rotational symmetry » j[J *];j = 0 [Fig. 2(e)]. The ferromag-
netic bias Jy > 0 only shifts the entire eigenvalue spectrum
of J* by —Jy along the Re z axis, except for the Goldstone
mode vo = N~"2(1, ..., 1)T, whose eigenvalue remains at
zero [47]. Therefore, for Jy > z;, where z; denotes the leading
eigenvalue of J*, all eigenmodes decay to zero, and the sys-
tem settles into a static ordered phase with perfect alignment
6; = ¥ [Fig. 2()1.

As Jy decreases and approaches z;, the leading eigenvalue
z; hits the Goldstone mode at zero [Fig. 2(f)], and the asso-
ciated eigenvector v, coalesces with vo [Fig. 2(g)]. This is
the hallmark of a CEP [52-54] beyond which chiral motion
emerges. At the CEP, all angles still stay close and begin
to rotate collectively. As Jy decreases further, one “outlier”
Oout gradually deviates from the other angles but continues to
rotate with them [Fig. 2(h)]. As soon as the angle difference
reaches 1, the chiral motion stops and the static ordered state
is restored [47] and remains stable until a second instability
arises. The nature of the second instability can be a Hopf
bifurcation or again a critical exceptional point, depending

on eigenvalue spectrum. In the bulk spectrum, where multiple
instabilities contribute, we observe nonrelaxational behaviors
shown in Figs. 2(b)-2(d) at sufficiently high J, [Fig. 1(d)].
Notably, the chiral states also exist for finite-range interactions
if all particles are located within a small circle and have
sufficiently small self-propulsion speed vy [47].

To render this complex finite-N behavior consistent with
the mean-field predictions (N — o0), we analyzed the finite-
size behavior of the probability distribution of the stationary
angular frequency Q = (¥ (¢)), where (---) denotes a time
average. Figure 2(j) shows that the support of P(£2) shrinks
with increasing system size N, which implies that any
rotational motion of the order parameter becomes on av-
erage slower with increasing system size and ceases in
the limit N — oco. We note that even for large but finite
system sizes still slow rotations exist, which renders a pre-
cise extrapolation of observables to infinite system size by
integrating Eq. (2) computationally unfeasible. Neverthe-
less, the proper N — oo limit is given by the solution of
Eq. (4).

Finite interaction range: Phase diagram. In the case of a fi-
nite interaction range R, we integrate Eqs. (1) and (2) using the
Euler method with time step dt = 0.05 and propulsion speed
vo = 0.5. We set R =1 and discuss here only uncorrelated
randomness A = 0. For o = 1, flocking already occurs for
small alignment bias Jy < J(= 1), which decreases with in-
creasing density, p = N/L?, as shown in Fig. 3(a), reminiscent
of the decrease of Jy (V) with N for the infinite-range case. In
the flocking phase, except for small p, the system eventually
evolves into a single dense cluster in which all particles are
tightly packed and move coherently [inset of Fig. 3(a)]. This
single-cluster phase emerges via nucleation: Once a denser
cluster forms, the contribution of the alignment bias to the
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FIG. 3. Finite-range interactions (R = 1, A = 0): (a) Phase dia-
gram for ¢ = 1. Region between the disordered and the single-cluster
phase indicates long-range order m > 0 without condensation. Inset:
Configuration snapshot (L = 1024) of growing clusters in the single-
cluster region at the point marked with green star in panel (a). (b),
(c) Time evolution of magnetization m(z) and the relative size of the
largest cluster n.(¢) at the red and green points marked in panel (a).
(d) As in panel (a) for @ = 1/2. Inset: Configuration snapshot in the
ordered region at the orange triangle in panel (c). (e) Binder cumulant
G =1 — (m*)/(3(m*)?) at the transition (p = 2).

interactions dominates over the random contribution due to
the o = 1 scaling, such that the cluster eventually absorbs all
particles [Fig. 3(c)].

For o = 1/2, the critical alignment bias J . also decreases
with increasing density p, as shown in Fig. 3(d). In both cases,

for « = 1/2 and o = 1, the transition from the disordered
phase to the flocking phase is discontinuous [Fig. 3(e)], rem-
iniscent of the Vicsek model [46,55]. In contrast to the latter,
when crossing the transition line in Fig. 3(d), for instance,
by increasing the density p, spontaneously global polar or-
der emerges without an intermediate band formation. As we
increase Jy further, we also find a transition to a single-cluster
phase (see Fig. S4 of the Supplemental Material [47]). Here,
the single-cluster phase arises due to coarsening, where small
clusters move ballistically and merge into a larger cluster upon
collision as in the conventional Vicsek model at very low
noise [56].

Finite interaction range: Clique formation. Both disor-
dered and ordered phases in the low-density regime are
characterized by clique formation, where transient clusters of
coherently moving particles emerge and disintegrate dynam-
ically even in the absence of a ferromagnetic bias Jy = 0. To
analyze these cliques, we construct interaction networks based
on the distance between particles at successive simulation
times and track the evolution of their connected components
[51] [Fig. 4(a)]. Among the connected components that persist
over time, we define a “clique” C(n, 7) as a set of particles in
a connected component with size n and lifetime t, restricted
to those with n > 5 and t > 10 [Fig. 4(c)]. Figure 4(b) repre-
sents an example time series for a specific particle, illustrating
that only a small subset of its interacting neighbors actually
form cliques with it. Figure 4(d) shows P(n, ), the proba-
bility that a particle belongs to C(n, t), averaged over time
and disorder. Both P(n) and P(t) exhibit exponential tail
[Figs. 4(e) and 4(g)] and the characteristic clique size n* and
lifetime t* are extracted from exponential fits [Figs. 4(f) and
4(h)]. Notably, here the lifetime 7 of medium- and small-size
cliques is actually sufficiently long for them to traverse half of
the system.

(a) o 53 (b) — number of neighbors
3 {2,3,5,6,7,8} 30 — clique size
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FIG. 4. Clique formation for finite-range interactions (R =1, A =0, o = 1/2, p = 0.25). (a) Schematic diagram of the clique detecting
algorithm [51]. Each set {- - - } represents connected components and arrow depicts particle flows between connected components at different
times. The colored regions indicate three potential cliques: {2, 3, 7} (blue), {0, 1, 4} (red), and {6, 8} (green). (b) Time evolution of the number
of interacting neighbors of a specific particle and the size of the largest clique containing it. (c) Snapshot of a particle configuration for J, = 0.
Cliques are represented with colors according to their size. Inset: Enlarged snapshot of the region indicated by the gray square. (d) P(n, 7) at
Jo = 0 averaged over many disorder realizations. Inset: (J; (n, 7)) at the same parameters as panel (d). (e), (f) P(n) for different J, values and
its characteristic cluster size n*. (g), (h) P(7) for different J, values and its characteristic lifetime t*.
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The formation of a clique is driven by the self-assembly
of particles with predominantly mutual aligning interactions
(J+(n, 7)) > 0, where J (n, T)is an average of 2Jy + J;; + Jj;
over the members i, j of a clique, as shown in the inset of
Fig. 4(d). Cliques disintegrate when they collide with other
strongly interacting particles or cliques [47]. When com-
pared with clusters emerging in the disordered phase of the
conventional Vicsek model with homogeneous alignment in-
teractions one notes that in the latter clusters are typically
larger but have shorter lifetimes.

Discussion. We have shown that flocking can occur in an
ensemble of self-propelled particles with a random mixture of
nonreciprocal aligning and antialigning. Within the ordered
phase, for sufficiently strong alignment bias, spurious chiral
states emerge in finite systems with infinite-range interaction,
separated from conventional flocking by exceptional points
or Hopf bifurcations. Those states disappear in the infinite
system size limit, where purely relaxational dynamics toward
global flocking persists. For finite interaction range, coher-
ently moving cliques emerge, in which a small group of
particles self-organize transiently, even in the absence of a
global alignment bias in the interactions: Equipped with ran-
dom and fully nonreciprocal (A = 0) interactions J;;, particles
with J;; and Jj; positive (aligning) find each other and move
for some time together until they collide with other groups. It
should be noted that this clique formation is different from
conventional cluster formation, in which particles can join
and leave clusters: A clique is defined as a specific group of
particles that stays together until the clique dissolves [57].

In a forthcoming publication [58], we will discuss the
robustness of these phenomena in the presence of noise or
the introduction of the Vicsek update rules for directional
changes. Our preliminary results show that the (A, Jy, non-

reciprocity/alignment bias) phase diagrams that we reported
are robust with respect to the introduction of weak noise as
well as Vicsek update rules. Also, the chiral states of finite
systems in the ordered phase of the infinite-range limit are
stable against weak noise as well as the clique formation for
finite interaction range. Stronger noise will, however, have an
impact. Also, the variation of the degree of nonreciprocity
bears interesting aspects as an enhanced tendency to order for
A — 1 and an emerging spin glass phase at A = 1.

Our results may serve as a starting point for the study of
multispecies flocking models with nonrandom but complex
nonreciprocal interspecies interactions in the following sense:
As nonreciprocal interactions are used to generate temporal
sequences of patterns in neural network models [24] or for
dynamical control of self-assembled immobile structures and
transitions between them [59], we expect that programmable
nonreciprocal interactions in flocking models as the one ana-
lyzed here could be a tool to create mobile “shape shifters”
made of self-propelled particles that arrange in a predeter-
mined temporal sequence of patterns with varying shapes. It
would be worthwhile to examine this vision in future work.

Note added. When this paper was completed, we became
aware of a recent work in which a similar phenomenon
has been observed in a flocking model with fully reciprocal
(A = 1), spin-glass-like couplings and with the scaling @ = 1,
which, in contrast to the case A = 0 that we analyzed, shows
global flocking (see Ref. [57]).

Data availability. The data that support the findings of this
article are not publicly available upon publication because
it is not technically feasible and/or the cost of preparing,
depositing, and hosting the data would be prohibitive within
the terms of this research project. The data are available from
the authors upon reasonable request.
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