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The mechanical response of a moving probe in an active bath reflects both the dynamics of the
bath and how the probe couples to it. For a probe moving at velocity V' and interacting weakly with
an ideal active bath, we show that the trajectory statistics of a free bath particle determine a density
response from which the bath force on the probe follows. The probe-particle interaction determines
how this response is weighted over wave vector g, while the probe motion selects frequencies wq =
q-V . This trajectory-response relation separates the bath dynamics from the wave-vector weighting,
so neither the stationary state nor force correlations need to be recalculated for each probe interaction
and velocity. Applying this relation to active-particle models, we prove that positive power transfer
is excluded for active Ornstein—Uhlenbeck particles in all dimensions and for complete-reset run-
and-tumble particles in d > 2, while one-dimensional run-and-tumble particles and two-dimensional
active Brownian particles possess modes that can transfer positive mechanical power. For a given
probe, this response predicts drag reversal, spontaneous probe motion, and motion-induced density
distortions, all in quantitative agreement with simulations. Varying the probe geometry changes
how the same bath response is weighted, thereby selecting different moving states. Beyond the
leading weak-probe, ideal-bath limit, higher orders in probe strength involve multi-interval trajectory
statistics, while finite-density corrections involve interacting-particle dynamics. Our results connect
the trajectory statistics of active bath particles to the mechanical response of a passive probe,
providing a route to predict probe response from single-particle trajectory statistics measured in

the absence of the probe.

I. INTRODUCTION

Passive objects immersed in active media provide a
direct probe of nonequilibrium transport and mechani-
cal coupling, and of how microscopic self-propulsion is
transferred across scales [1-5]. Experiments across mi-
crobial suspensions, motile-cell carpets, bacterial turbu-
lence, and active granular media have revealed enhanced
and non-Gaussian transport, transient superdiffusion,
and persistent tracer memory [6-13]. Theoretical stud-
ies have related these effects to steric swimmer—tracer
encounters and activity-driven force fluctuations [14, 15],
as well as interaction-induced memory in crowded active
suspensions [16]. Beyond tracer transport, active media
can mediate interactions between passive bodies [17-19]
and drive directed motion of asymmetric objects [20—26].

For externally driven probe motion, microrheology
characterizes the force-velocity response [27-32|. In ac-
tive media, a striking nonequilibrium response is nega-
tive drag: the bath force has a component in the direc-
tion of the probe velocity and transfers positive mechan-
ical power to the probe. Unlike geometric rectification,
negative drag can occur for a symmetric object in an
inversion-symmetric bath [33-35]. A forward force con-
tribution does not by itself imply negative total drag,
as illustrated by rear accumulation in interacting ac-
tive Brownian particle (ABP) suspensions [36]. These ob-
servations motivate asking how the bath dynamics and

* chul-ung.woo@uni-saarland.de

T chlwldnjs175@gmail.com
¥ heiko.rieger@uni-saarland.de

probe-particle interaction combine to determine the net
force on a moving probe.

Previous approaches have described friction, noise,
memory, and driven density profiles for probes in
nonequilibrium media [37-43]. Related coarse-grained
active-matter theories characterize effective interac-
tions and responses to external perturbations [44—
46]. In dilute active baths, recent work has obtained
velocity-dependent friction and noise for probes in one-
dimensional run-and-tumble particle (RTP) and two-
dimensional ABP systems [47]. Such probe responses are
often expressed through stationary distributions or dy-
namical correlations of the medium conditioned on the
probe configuration or motion [37, 39, 40, 47].

For uniformly moving perturbations in other physical
systems, the dynamics of the medium and the spatial
form of the perturbation enter the force separately [48—
51]. For a perturbation moving with velocity V', a Fourier
component with wave vector q is sampled at the fre-
quency q - V. The response of ABPs to spatially varying
activity has also been related to particle trajectory statis-
tics [52]. The self-intermediate scattering function (self-
ISF), the Fourier transform of the displacement distri-
bution, resolves these free-particle statistics in time and
wave number [53, 54].

We show that free-particle displacement statistics de-
termine the density and force responses of a uniformly
moving probe [Fig. 1]. Section II derives this trajectory-
response relation, and Section III uses it to classify me-
chanical power transfer for the active-particle models
considered here. Section IV shows how the wave-vector
weighting set by the probe interaction determines the
drag and density profile. Section V examines how varying
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From free-particle motion to the mechanical response of a moving probe. The moving-probe problem

separates into a bath response determined by the free-particle self-ISF, frequency sampling set by the probe velocity, and wave-
vector weighting set by the probe-bath interaction. The right panels illustrate the sampled responses for two probe velocities
together with the interaction weight. Combining them in the force integral gives the bath force and the mechanical power

transferred from the bath to the probe.

the probe velocity changes the sampled frequencies, while
Section VI shows how probe geometry changes the angu-
lar weighting and selects the directions of motion. Fi-
nally, Section VII extends the trajectory-response frame-
work beyond the leading weak-probe, ideal-bath limit
through higher-order single-particle trajectory statistics
and a low-density expansion for interacting baths.

II. TRAJECTORY-RESPONSE RELATION

We consider a dilute ideal gas of noninteracting ac-
tive particles with far-field number density pg. A passive
probe is translated at a constant velocity V' and interacts
with each bath particle through a localized real potential
U(r), where r denotes the particle position relative to the
probe. Let p(r; V') be the stationary particle density in
the probe frame, with p(r; V') — po far from the probe.
The force exerted by the bath on the probe is

Foun(V) = / Ay p(r: VIVU (7). (1)

Writing
p(r; V) = po + dp(r; V), (2)

the uniform contribution vanishes because f d%r VU = 0.
The force depends only on the density perturbation,

Foaa(V) = [ ol V)VO@). ()

The propulsion is represented by a stationary Markov
process with internal state s, active velocity wu(s;), sta-
tionary distribution 7 (s), and forward generator £,. The
stationary distribution satisfies L,m =0 and [ds7(s) =
1. In the probe frame, the relative particle position obeys

(4)

Here p is the particle mobility, D, is the translational
diffusivity, and 7 is a unit Gaussian white noise inde-
pendent of the propulsion process. Within this class, the
active process need not be Gaussian or isotropic.

Let P(r,s,t) denote the number density resolved with
respect to the propulsion state. Its evolution is

r=u(s) =V —uVU(r) + /2D n(t).

P =—[u(s) = V]-VP+ D, V°P )
+ L,P + pV - [PVU].

For a weak probe potential, we write

P(r,s,t) = pom(s) + 6P(r, s,t) + O(U?). (6)

Here 6P = O(U), and the density perturbation is
dp(r,t) = [dsdP(r,s,t).
Keeping only terms linear in U gives

00P = Lo 6P + upmr(s)VQU(r). (7)

Here

Lo=—[u(s) = V] -V+DV*+ L, (8)

generates the dynamics of a free bath particle in the mov-
ing probe frame. The omitted term uV - [§PVU] is of



O(U?) in the density equation and contributes only at
O(U?) to the force.

Note that e?“0 is the free propagator defined by the
homogeneous part of Eq. (7) and 7V2U is the inhomoge-
neous part. For §P(r, s,0) = 0, the solution of the linear
equation is

t
0P(r,s,t) = ,upo/ dt’ e(t=t)ko [7(s)V?U].  (9)
0
The action of this propagator can be represented di-
rectly as an average over free-particle trajectories. Their
stochastic displacements in the probe frame during a time
interval t are given by

t
Art = / dt’ ’U,(St/) - Vit+ \/ﬁth (10)
0

where W, denotes the standard d-dimensional Wiener
process (i.e., the spatial displacement of diffusive trajec-
tories after time ¢) and sy denotes stochastic trajectories
in the internal state space. For any spatial function f(r),
translational invariance of the free dynamics gives

/ds [et“o(mf)] (v, 8) = (f(r — Amy)), (11)

where (7 f)(r,s) = w(s)f(r), and the average is over free
trajectories whose initial propulsion state is drawn from
the stationary distribution 7(s). Applying Eq. (11) to
f = V2U in Eq. (9) and taking the stationary limit (¢ —
00) gives the real-space trajectory representation

op(r; V') = upo /000 dt (V2U(r — Ary)). (12)

Thus the stationary density perturbation is obtained by
averaging the probe-induced source over free-particle dis-
placements in the moving frame.

To express Eq. (12) in Fourier space, we use the Fourier
convention

fr) = / T, (13)

where fq = [diq/(2m)¢. The Fourier-space density re-
sponse is

SpalV) = ooV [ dt (7087 (1)
0

Using the probe-frame displacement in Eq. (10), the

trajectory average can be written as
(e7imam) = ea'o(q,1) 15
= clwate D't (g, 1), 1

where wqg = g - V. With Ary; = Ar; + V't denoting the
laboratory-frame displacement,

Do(g.) = (e Bm0) (16)

is the full free-particle self-intermediate scattering func-
tion (ISF), i.e., the spatial Fourier transform of the free-
particle displacement distribution [53, 54]. The factor
®a(q, ) is the active-displacement ISF,

oulant) = (oo | -ia- | t du)] ). an

The self-ISF ®((q,t) encodes the finite-time displace-
ment statistics at each wave vector and is generally not
determined by the velocity autocorrelation or long-time
diffusivity alone. The frequency-dependent density re-
sponse is therefore

(oo}
G(q,w) = / dte“'®y(q, ). (18)
0
When the time integral is not conventionally convergent
for D; = 0, it is understood with an infinitesimal conver-
gence factor.
To connect with standard response notation, define the
retarded density susceptibility through dpg; = —XfUUq-
The susceptibility then is

Xoor (@, w) = 1pogG(q, w). (19)

In the passive diffusive limit w = 0, Eq. (19) recovers
the corresponding classical field response [48, 49]. For
thermal diffusion, Dy = pkgT, the free-particle self-ISF
is proportional to the equilibrium density correlation, and
Eq. (19) reduces to the fluctuation-dissipation relation.

For a real potential, U_4 = Uj. Substituting Eq. (19)
into Eq. (3) and using SG(q,w) = (G(q,w) —G*(q,w))/2i
and G*(q,w) = G(—q, —w) gives

Foatni (V) = —upo/qti [Uql? G (g, wyq)- (20)
q

Because dp = O(U), Eq. (20) is the leading nonvanishing
bath force, of order O(U?).

Equations (19) and (20) establish the trajectory-
response relation for a uniformly moving probe. Equa-
tion (19) has the standard form of a linear density re-
sponse [45, 55-57], but in the ideal-bath setting consid-
ered here its susceptibility is determined entirely by the
free-particle self-ISF ®(q,t). The probe—particle inter-
action sets the wave-vector weighting through |Uq|2, and
the imposed velocity selects the frequency wg = g - V.
This factorization parallels drag formulas for uniformly
moving perturbations in dissipative classical fields and
quantum fluids [48-51], where the medium dynamics and
the spatial form of the perturbation likewise enter sepa-
rately.

Higher orders in the probe potential remain deter-
mined by free-particle trajectories but require successive-
displacement correlations beyond the self-ISF and can
recover Fourier-phase sensitivity, while bath interac-
tions generate a low-density hierarchy beginning with
isolated-pair dynamics. These extensions are developed
in Sec. VII.



The remainder of the main text focuses on the leading
ideal-bath response. For the inversion-symmetric active
baths considered below, the sign of IG (g, w)/w provides a
probe-independent criterion for mechanical power trans-
fer, which we develop in the next section.

III. CLASSIFICATION OF MECHANICAL
POWER TRANSFER

A first consequence of the trajectory-response relation
is a criterion for the direction of mechanical power trans-
fer. For an inversion-symmetric free process,

Do(—q,t) = Polg,t) = Po(g, )" (21)

It follows that 3G(q,w) is odd in frequency and vanishes
at w = 0. Define

K(g.w) = T182) (22)

Its value at w = 0 is defined by continuity. Using Eq. (19),

(‘}X;?U (q7 w)
7&} .

ppod*K(q,w) = (23)

Equation (20) can then be written as

Foan(V) = —upo/qu\Uqlzwq’C(q,wq)- (24)
q

The mechanical power transferred from the bath to the
probe is

Whath(V) = V - Foan(V)

25
—upo/q2IUq|2w3/C(q,wq)~ (25)
q

Every factor in the integrand of Eq. (25) other than K is
nonnegative. Consequently,

K(gq,w) =0 (26)
for all wave vectors and frequencies implies
Whatn (V) <0 (27)

for every imposed velocity, at the leading nonvanishing
order in the probe potential.

This implication requires neither isotropy nor a partic-
ular probe geometry. The probe potential changes how
strongly different wave-vector modes contribute, but it
cannot change their individual signs when Eq. (26) holds.

The converse does not hold for a particular probe. If
K(g,w) < 0 in some region, those modes can transfer
positive mechanical power to the probe. Whether they
reverse the total drag depends on how strongly the probe
interaction weights them. The existence of such modes is
a property of the free-particle dynamics, whereas the sign
of the total drag depends on both the bath and the probe.

We apply this criterion to three standard active-
particle models [58] with the same two-point velocity cor-
relations,

2
(i (t)u;(0)) = De11/75,,. (28)
They have the same root-mean-square propulsion speed,
persistence time, and long-time active diffusivity D, =
v37/d, consistent with the common long-wavelength de-
scription of ABP and RTP dynamics [59]. Previous work
has shown that matching two-point statistics does not
generally fix response or energetic observables [60-62].
Here, the relevant model dependence is encoded in the
trajectory statistics, as reflected in their distinct self-
ISFs [54, 63, 64] and in non-Gaussian displacement statis-
tics of RTPs [65] and ABPs [66, 67].

To isolate the propulsion dynamics, all model-specific
calculations below are first performed at D; = 0. For the
isotropic processes, the free-particle response depends on
g only through its magnitude ¢q. We denote the response
in physical units for model X € {AOUP,RTP, ABP} by
K (¢,w; D;). We use the dimensionless variables

(2,9Q) = (quoT,wT). (29)

Here z is the wave number scaled by the persistence

length vo7, while Q is the frequency scaled by the persis-

tence time 7. The corresponding dimensionless response
is defined by

K3 (q,w;0) = 2K (2,Q). (30)

The effect of independent translational diffusion is con-
sidered after the model classifications.

A. AOUPs: positive power is excluded at all speeds

For an isotropic active Ornstein—Uhlenbeck pro-
cess [68-70],
1= —— + 1/ 22 &(0). 31
R L 20 (31)
Here the &; are independent unit white noises. The active
displacement is Gaussian, giving the active-displacement
ISF
$a°" (g,1) = exp[—¢*Sa(t)). (32)
The displacement variance entering this expression is

’U%T

Talt) = LT =7 (1-e)]. (33)

Since



#2OUP (¢, 1) is positive and monotonically decreasing for
every ¢ > 0. For Q > 0, pairing each positive half-period
of sin(Qt/7) with the following negative half-period
gives a nonnegative contribution because ¢.(q,t/7) >
dalg,t/T + 7/Q). Tt follows that

K3OUP(2,Q) > 0. (35)

This holds for all z, 2, and spatial dimensions. Equa-
tion (26) therefore gives

i7rAO

bach (V) <0 (36)

for every imposed velocity and any probe coupled
through a weak potential.

B. Complete-reset RTPs: dimensional dependence

A complete-reset RTP [63, 71, 72] moves with wu(t) =
von(t), where m is a unit vector. At rate o = 77!, the
propulsion direction is replaced by an independent di-
rection drawn uniformly from S%~!. The exact Laplace-
transformed ISF is known from the run-and-tumble ki-
netic equation [63]. Appendix A connects this result to
the response defined in Eq. (18) and determines its sign.

In one dimension, a complete reset redraws either ve-
locity direction with equal probability and is equivalent
to a telegraph process [65, 73] with direct sign-flip rate
(27)~t. For Q > 0, the response is negative precisely
when

22> 1+ 0% (37)
Its continuous 2 — 0 limit is
RTP 1— 27
Kl (Z7O> = 7, (38)

which is negative for z > 1. One-dimensional RTPs
possess modes with negative response, allowing positive
mechanical power contributions at nonzero sampled fre-
quency.

Such modes are accessible only for probe speeds be-
low the propulsion speed vg. In one dimension, || =
(IV|/vo)z, and Eq. (37) becomes

2
()
Vo

No mode satisfies this condition for |V| > vy. At and

above the propulsion speed, the bath cannot transfer pos-

itive mechanical power to any weak probe at this order.

The higher-dimensional result is qualitatively different:

positive power transfer is excluded for RTPsin d > 2. Us-

ing the known free-particle ISF, we obtain G(q,w) and

hence K}}TP(Z, Q) directly. The resulting response satis-
fies

22> 1. (39)

KFP(2,9) >0 (40)

for all z and €. Substitution into Eq. (26) excludes posi-
tive mechanical power transfer. The one-dimensional pro-
cess is the exceptional case among complete-reset RTPs.

C. ABPs: response from angular dynamics

For an active Brownian particle [74, 75|, the propulsion
velocity is u(t) = von(t) and the orientation undergoes
rotational diffusion,

OHP(n,t) = D,V%. 1P(n,t). (41)

Here V2Sd,1 denotes the angular part of the d-dimensional
Laplacian on the unit sphere. Spectral representations
of the free-ABP displacement statistics have previously
been developed from this angular dynamics in both two
and three dimensions [54, 76].

For an ABP, the matching of Eq. (28) gives

1
(d - l)DT' ’

7— =
Using Eq. (18), the dimensionless response is

1 [ _
K (0) = g | dlsm(@ol™ D), (43

where ¢ = t/7. This expression applies for nonzero Q. Its
continuous 2 — 0 limit is

KPP0 = [T el e, )

No simple closed form is available, so we evaluate
#2BP by expanding the angular dynamics in hyperspher-
ical harmonics. This gives a tridiagonal angular hierar-
chy. Appendix B gives the operator, matrix elements,
continued-fraction evaluation, and numerical implemen-
tation.

D. Dimension dependence of the ABP response

The short-wavelength ABP response is positive at lead-
ing order for d > 3, but this contribution cancels in d = 2,
where the first nonzero term is negative. For z > 1, the
static response is dominated by times £ = O(z~!), much
shorter than the rotational relaxation time [54, 76]. Ro-
tational diffusion is negligible over these times, and we
denote by g4(2t) the characteristic function of its uni-
form angular distribution. The ABP ISF takes the bal-
listic form

GABP (2,1) ~ gq(20). (45)

With y = zt,
1 oo
KPP0y~ 5 [ dyyoty). 0
0

This moment equals d — 2 for d > 3, giving

d—2

K4BP(2,0) +0(z73). (47)



In d = 2, the entire O(2~2) contribution cancels be-
cause its coefficient d — 2 vanishes exactly. The first ro-
tational correction then controls the sign,

K30 (2,0) = +0(71). (48)
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Thus sufficiently short-wavelength modes have negative
static response in two dimensions. The finite-frequency
response below shows that this negative region extends
to nonzero frequencies, where these modes can contribute
positive mechanical power.

At long wavelength, by contrast, all dimensions share
the same positive asymptotic form,

2
K3PP(2,0) = — [14+0(z%)]. (49)
The z~* divergence reflects the diffusive 22 relaxation
rate of the conserved long-wavelength mode together
with the additional factor of time in the static response.
These limiting forms do not exclude a negative region
at intermediate wave number or frequency for d > 3. To
examine the response over the (z, ) plane while remov-
ing the asymptotic variation in magnitude, we introduce
the rescaled response

Hy(z,Q) = [Q® 4+ Na(z)] KB (2, Q). (50)
The normalization function is
4
z
_—  d>3
2 _9 29 = Iy
No(z) = 4 T A2 (51)
_— d=2
44 2/2

The multiplier in Eq. (50) is strictly positive away from
the origin, so Hy has the same sign as K(’}BP. For d > 3,
the normalization removes the known variation in mag-
nitude in the small-z, large-z, and high-frequency limits.
For d = 2, the large-z static limit is instead Hs(z,0) —
—1, preserving the negative tail.

In two dimensions, the negative response at @ = 0 ex-
tends to nonzero 2. For all dimensions d > 3 considered,
H,; remains positive throughout the numerically exam-
ined domain [Fig. 2]. To quantify its minimum, we define

min  Hy(z,Q). (52)

mqg =
2>0,0Q>0

Within numerical accuracy, the minima lie on the Q2 =0
boundary and approach 1 as the dimension increases. The
static large-d analysis gives 1—mg = 18/d?+O(d~3). The
finite-frequency asymptotics also support a minimum at
Q =0 in the large-d limit, consistent with the numerical
results. Together with the calculations at fixed d > 3,
these results support the conjecture

K2BP(2,Q) > 0. (53)

The derivations of the asymptotic limits, the moti-
vation for the normalization, and the static and finite-
frequency large-d analyses are collected in Appendix C.
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FIG. 2. Dimension-dependent response of active

Brownian particles. (a,b) Rescaled responses Hg(z, ) for
(a) d = 2 and (b) d = 3, evaluated from converged trunca-
tions of the angular hierarchy. The two-dimensional response
contains a region with Hqy < 0, corresponding to modes that
can transfer positive mechanical power, whereas the three-
dimensional response remains positive throughout the dis-
played domain. (c) Numerical checks of the analytical asymp-
totic limits of Hy(z,0). (d) Deviation 1 —mg of the minimum
from unity. The numerically obtained minima approach the
static large-d scaling 18/d>.

E. Finite-frequency response

Figure 3 compares the finite-frequency responses of the
three matched active-particle models in the common di-
mensionless variables (z,). The one-dimensional RTP
and two-dimensional ABP contain regions with KX < 0,
whereas the AOUP response remains nonnegative.

Linear friction depends only on K5 (z,0). At nonzero
imposed speed, a mode making an angle ¢ with the probe
velocity samples the response at @ = (V/vg)z cosp. In
one dimension, this sampling reduces to |Q2| = (|V|/vo)z.
In dimensions d > 2, the angular degree of freedom allows
2] < (V/vo)z at each z. Modes with sufficiently small
| cos ¢| can sample small frequencies even for V' > vy.

F. Extension to independent translational diffusion

The preceding classifications were obtained for D; = 0.
Every result excluding positive power at all speeds re-
mains valid after adding independent translational dif-
fusion of arbitrary strength. Independent translational
diffusion changes the self-ISF according to ®o(q,t) =
e*qu2t¢a(q,t) without changing the propulsion statis-
tics.

We write K(q,w; D;) for the response in the presence



TABLE I. Mechanical power classification of the standard propulsion processes in the weak-potential limit. “Positive power
excluded” means Whan (V') < 0 for every imposed velocity and every probe coupled through a weak potential.

Process Dimension Result Basis

AOUP all d positive power excluded theorem

complete-reset RTP d=1 modes with K < 0 exist exact

complete-reset RTP d>2 positive power excluded theorem

ABP d=2 modes with K < 0 exist large-z asymptotics and angular hierarchy
ABP d>3 no mode with K < 0 found angular hierarchy at fixed d and large-d asymptotics

) 1D RTP  (b) 2D ABP (c) 2D AOUP
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FIG. 3. Finite-frequency response of standard ac-
tive baths. Dimensionless responses K (z, Q) for (a) a one-
dimensional RTP, (b) a two-dimensional ABP, and (c) a two-
dimensional AOUP. Here z = quoT and 2 = wr. Only Q2 >0
is shown because inversion symmetry makes K5 even in fre-
quency. Color denotes the response on a symmetric logarith-
mic scale, and solid black contours mark K7* = 0. The dashed
line Q = z corresponds to V = vy with g || V.

of translational diffusion. For Dy > 0 and q # 0,

4D,q% [
K(q,w; D) = ;q / dw’ w?K(g,w';0)
0
x [(w _ w/)2 4 (thZ)Q]*l (54)
X [(w + W)+ (th2)2] -t
The kernel in Eq. (54) is nonnegative. Hence,
K(q,w;0) > 0 = K(q,w; D) > 0. (55)

For each q # 0, this holds for arbitrary D; > 0, with
the D; = 0 case being trivial. The derivation of Eq. (55)
is given in Appendix D. Table I summarizes which of
the standard active-particle models can support positive
mechanical power transfer.

IV. INTERACTION WEIGHTING AND DRAG
REVERSAL

The interaction spectrum |Uq|2 sets the wave-vector
weighting of the bath response characterized in Sec. III.
We focus here on the small-velocity regime, beginning
with the linear drag.

In the linear limit, only the response at {2 = 0 enters,

0) = /0 T dttdo(q.1). (56)

Writing

Foatni(V) = =7, V; + O(V?) (57)

gives
v =m0 | g W Ka.0 69
The corresponding mechanical power at small velocity is
Whaen (V) = —VT%A/TV +0O(V3). (59)

The friction tensor in Eq. (58) is symmetric, so negative
linear drag is possible if and only if it has at least one
negative eigenvalue.

Having established the extension to finite D; in
Sec. IIIF, we set D; = 0 for the remainder of the main
text. When comparing different propulsion processes, we
use the parameter matching of Eq. (28). The simulation
details are given in Appendix J.

A. Linear drag for the standard baths

For the one-dimensional RTP, the wave-number inte-
gral can be evaluated for an arbitrary weak potential,
recovering the known weak-coupling criterion for sym-
metric potentials [35]. Substituting Eq. (38) into Eq. (58)
and using Parseval’s identity gives
nwr_om [ U@)® 0 o

[(UOT)2 U'(z) ] . (60)

The linear friction is negative precisely when

Jde[U'(@)]?
JdzU(x)?

2
Po A

(vo7)? > 1. (61)

This condition compares the persistence length with a
length scale set by the spatial variation of the probe—
particle potential.

For the comparison of the different models introduced
above, we specialize to the isotropic repulsive Gaussian
potential

Uy(r) = eexp (-2’“;) . (62)



Here € > 0. For a radial probe of characteristic width a,
the natural persistence ratio is
VT

r- - (63)

The Fourier transform of the Gaussian potential is
Ugq = (27T)d/2€ade_“2q2/2. (64)

. 2 _a2q? . . .
Since |Uy,q|” o< e=* 7, the corresponding dimensionless

radial weight is e~**. After the change of variables k =
aq, the probe size enters the bath response through z =
kI, while the spatial form of the interaction determines
the remaining wave-vector weighting. Writing G2 (") for
the resulting linear scaling function gives

e _ Aa
d

P pelr?atr G (). (65)
0

The scaling function is

GX(I) = /O dk k3¢ F KX (KT,0).  (66)

Here Ag_; is the area of S9!, The corresponding scal-
ing form for a radial potential with a single length scale,
including finite D; and arbitrary imposed speed, is given
in Appendix E.

For the Gaussian potential, Eq. (60) reduces to

RTP 2
noo_ Lﬂ; (F2 _ 1> ) (67)

Po avg 2

The friction changes sign at FCREP = V2 for T <
V/2, the positive long-wavelength contribution dominates,
whereas for T’ > /2 the Gaussian interaction gives suf-
ficient weight to modes with KFTP(2,0) < 0 to reverse
the total friction.

For the two-dimensional ABP, Eq. (65) becomes

ABP 2.2
. TEST

a2

Numerical evaluation gives a single zero at I25F ~
1.7803, with positive friction below and negative friction
above. By contrast, K5CUP(z,0) > 0 at every wave num-
ber, so the two-dimensional AOUP friction remains pos-
itive for all T".

Figure 4 compares the weak-coupling predictions with
direct fixed-velocity particle simulations. The simulations
reproduce the transitions of RTPs at d = 1 and ABPs at
d = 2, and the positive AOUP friction. The probe is
translated at the small but finite speed V/vg = 0.01, and
the measured force is converted to the friction per bath
density according to

(Fa(V))

,ysim (V)
= — . 69
Po poV (69)

In the linear regime, y*™(V) — v as V — 0.

(a) 1D RTP (b) 2D ABP (c) 2D AOUP
4 T T T
— V=0
O Simulation
0 5 10
r

FIG. 4. Linear friction for Gaussian probes in matched
ideal active baths. Friction coefficient per bath density,
v/po, as a function of I' = vo7/a for (a) a one-dimensional
RTP, (b) a two-dimensional ABP, and (c) a two-dimensional
AOUP. Solid curves are the V' — 0 weak-potential predictions
obtained by integrating the corresponding responses at 2 = 0
over wave number with the Gaussian interaction weight. Open
circles show direct fixed-velocity simulations at V/vy = 0.01.
Horizontal dashed lines indicate zero friction. The RTP and
ABP friction coefficients change sign at FE?P and F?E’P, re-
spectively, whereas the AOUP friction remains positive.

B. Motion-induced density distortion and force

The drag reversal is accompanied by a reversal of the
motion-induced density distortion around the probe. We
define Ap(r,V) = p(r,V) — p(r,0). Subtracting the
stationary-probe profile removes the inversion-even ac-
cumulation generated by the potential and isolates the
density change caused by translation.

At leading order in the probe potential, the trajectory-
response relation gives

Apg(V) = —1poq®Uq [G(q,wq) — G(q,0)].  (70)

The predicted real-space density difference is obtained by
inverse Fourier transformation of Eq. (70).

For an inversion-symmetric bath, F,(0) = 0, so the
force can be expressed directly in terms of the motion-
induced density,

F (V) = /d% Ap(r, V) 0,U(r)
(71)

1
= d%rzU(r)Ap(r,V).

The second equality uses 9,U = —xU/a? for the Gaus-
sian potential. Only the part of Ap(r,V) that is odd
under x — —xz contributes to the force, with the local
contribution weighted by the probe force.

For the repulsive potential in Eq. (62), an excess of
particles in front of the probe, x > 0, contributes a force
opposite to the direction of motion. An excess behind
the probe, = < 0, instead contributes a force along the
direction of motion.

Density microstructures around driven tracers have
previously been studied in passive and active colloidal
baths [30, 36, 38]. In interacting two-dimensional ABP
suspensions, rear accumulation can generate a forward
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FIG. 5. Reversal of the motion-induced density dis-
tortion in a two-dimensional ABP bath. Normalized
motion-induced density, Ap(r,V)/po at V = 0.1vg, around
a passive probe moving in the positive z direction for (a)
I'=1and (b) T = 2.5. The upper and lower half-planes show
particle simulations and the weak-potential theory at finite
velocity, respectively, without an independent amplitude fit.
At T' = 1, the density is enhanced in front of the probe and
depleted behind it, producing ordinary drag. At I' = 2.5, the
dipolar pattern reverses and the resulting bath force points
along the probe velocity. The dashed circle denotes the probe
width a = 1, and the arrow indicates the direction of the im-
posed velocity.

force contribution without reversing the total drag [36].
The sign of drag depends on the full density distortion
weighted by the local probe force in Eq. (71).

Figure 5 shows quantitative agreement between the
simulations and the weak-potential theory at finite ve-
locity in the spatial form and magnitude of the motion-
induced density distortion.

V. VELOCITY SAMPLING AND
SPONTANEOUS PROBE MOTION

The probe velocity selects which frequencies of the
bath response are sampled, while the interaction re-
mains fixed. We consider the resulting velocity-dependent
force and its nonzero force-balance states for the one-
dimensional RTP and two-dimensional ABP, without
bare probe friction.

A. Force balance and high-speed resistance

For an inversion-symmetric isotropic bath and an
isotropic probe, the force is parallel to the imposed ve-
locity,

~

Fo.n(V) = F(V)V. (72)
Here V = |V| > 0. We define the effective friction by

3wy =17, (73

This definition applies for V' > 0, with v(0) defined by
continuity. At small speed,

F|(V)=—(0)V +0(V?). (74)
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FIG. 6. Velocity-dependent force and spontaneous
probe motion. (a,b) Effective friction divided by the bath
density, for (a) a one-dimensional RTP bath and (b) a two-
dimensional ABP bath. Dotted curves are the weak-potential
theory at arbitrary speed, and open symbols are fixed-velocity
simulations. The representative values of I'" span regimes of
positive linear friction, coexistence of resting and moving
states, and negative linear friction; the horizontal line marks
v = 0. (c,d) Positive force-balance roots as functions of T’
for (c) the one-dimensional RTP and (d) the two-dimensional
ABP. Solid and dashed curves denote branches stable and
unstable with respect to speed perturbations, respectively,
while open circles show long-time speeds from simulations of
freely moving probes [see also Supplemental Movie 1 [77]].
Red crosses mark the saddle-node bifurcation points where
the stable and unstable moving branches meet. The inset in
(d) enlarges the ABP bifurcation region.

The resting state is linearly stable when v(0) > 0 and un-
stable when ~«(0) < 0 for the probe dynamics considered
below. For v(0) < 0, the force points along the motion at
sufficiently small positive speed.

At large speed, the force has the asymptotic form

(V)  uCy 1
T—_? +0(V ), (75)

where Cy = fq ¢*|Uq)® > 0. The force is asymptoti-
cally resistive; this high-speed limit is determined by the
short-time passage of bath particles through the probe
interaction and is independent of the propulsion process.

For ~v(0) < 0, the opposite signs at small and
large speeds guarantee at least one nonzero solution of
F (Vi) = 0 by continuity. Assuming that the bath fol-
lows the probe velocity quasistatically, the mean radial
dynamics gives a stable simple root when F, ﬁ (Vi) < 0. At
a nonzero root, this condition is equivalent to +'(V) > 0.

Nonzero roots can also occur while v(0) > 0. In that
case, v(V) must become negative over some intermedi-
ate range before returning to its positive high-speed sign.



This possibility is realized below for both the RTP and
ABP.

B. Velocity-dependent force and force-balance
branches

We use the persistence ratio I" defined in Eq. (63) and
introduce the reduced speed

V=

1%
—. 76
a (76)
For a Gaussian probe, we write G (I',v) = G5 (T, v,0)
for the scaling function defined in Appendix E for D; = 0.
The friction is

X
’de(V) = L(zi_lueQTzad%Gf(F, v). (77)
0

For the one-dimensional RTP process, the force has the
nonanalytic small-speed expansion

Flfmmzue?[_ﬁ(r )

Po avo

The linear term reproduces the transition I‘qup = V2.
The v |v| term is the one-dimensional form of the non-
analytic correction. In two dimensions, the same long-
wavelength contribution gives a V3In(Vy/|V]) correc-
tion.

For a two-dimensional ABP, the finite-speed response
is obtained by evaluating the angular hierarchy at the
frequencies 2 = vz cos ¢ within the Gaussian-probe inte-
gral. The resulting force curves and force-balance speeds
are obtained numerically and shown in Fig. 6.

The simulations quantitatively reproduce the theoret-
ical effective-friction curves for both the one-dimensional
RTP and two-dimensional ABP [Figs. 6(a) and 6(b)]. In
both models, stable and unstable moving branches are
created at a model-dependent saddle-node I'Y, < T':X, and
the stable branch continues through the linear-instability
threshold T'X [Figs. 6(c) and 6(d)]. For I'Y < TI' < T'X,
a linearly stable resting state coexists with unstable and
stable moving states.

At large persistence, the stable force-balance speeds in
both systems approach the microscopic propulsion speed
vg. The RTP approaches this limit as I'~2, while the ABP
shows the slower I'"1/2 scaling associated with orienta-
tions of small longitudinal relative velocity. The velocity-
dependent results are detailed in Appendix F.

A discontinuous symmetry-breaking onset of motion
driven by negative drag was previously found for a
symmetric penetrable object in a one-dimensional RTP
bath [35]. Related reduced probe dynamics in dilute one-
dimensional RTP and two-dimensional ABP media de-
scribe the transfer of active motion through velocity-
dependent friction and noise [47]. Here the stationary
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FIG. 7. Directional selection by an elliptical Gaus-
sian probe. (a) Probe geometry with a1 < a2 at fixed
ay = y/araz = 1. The black dashed contour indicates the
ellipse corresponding to the aspect ratio A = a2/a1 marked
by the x in panel (b). (b) Linear-response state diagram in
the (A, I'g) plane; the critical curves mark 71 = 0 and 2 = 0,
and the x denotes the parameters used in panel (c). The gray
dashed line corresponds to the parameters in (d). (¢) Effec-
tive friction v; (V) = —F;(V)/V, divided by the bath density,
along the two principal axes. (d) Positive force-balance roots
along the narrow axis as functions of X at fixed I'y = 1.6.

force curve obtained from the trajectory-response rela-
tion resolves the saddle-node, the coexistence interval,
and the stable branch. Within the quasistatic radial dy-
namics, this branch structure can permit hysteresis under
parameter variation and dependence on the initial probe
velocity.

VI. GEOMETRY CONTROL OF PROBE
MOTION

We keep the same isotropic two-dimensional ABP bath
and vary only U, changing the wave-vector weighting
without changing K(g,w). Anisotropic passive tracers
have previously been used to probe shape-dependent
transport in active suspensions [78-80|. Here we consider
two inversion-symmetric geometries: an elliptical Gaus-
sian probe and a probe with fourfold symmetry.

The probe symmetry constrains the force at every im-
posed velocity. If an orthogonal transformation R leaves
the Fourier-space interaction invariant, |Ugrq|® = |Ug|?,
isotropy of the bath implies

F,.th(RV) = RFpatn (V). (79)

At linear order, the friction tensor obeys the same sym-
metry. Reflection symmetry makes the two body axes of
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FIG. 8. Nonlinear directional selection and multistability of a fourfold probe. (a) Fourfold Gaussian potential with
dimensionless offset 8 = b/a. (b) Nonlinear state diagram in the (3,I') plane. Colors denote resting, diagonal, axial, and
multistable regimes, and the horizontal dashed line marks the cut I' = 6 used in panels (c¢)—(h). (¢)—(e) Theoretical velocity-
space flows at I' = 6 for 8 = 2, 2.5, and 3, respectively. Open circles denote stable moving fixed points, triangles denote saddle
points, and crosses denote the unstable fixed points. (f)—(h) Corresponding velocity-space trajectories from simulations of freely
moving probes. We use the reduced velocity vector ¥ = V' /vg. Colors in panels (f)—(h) indicate the simulation time ¢.

an ellipse principal directions, while fourfold rotational
symmetry enforces isotropic linear friction.

Throughout this section, the probe orientation is fixed
in the laboratory frame. We consider both the stationary
force at imposed velocity and the dynamics of a freely
translating probe.

A. Elliptical probe: linear direction selection

As a minimal example of geometry-dependent re-
sponse, we consider an elliptical Gaussian probe with
fixed body axes €; and e,

U = Ho_ T 80
on(z1,22) = eexp (_211%_2a§)’ (80)
where x; = r-€; and a; < as. We characterize the probe
by the geometric-mean width a;, = /araz, the aspect
ratio A = aa /a1, and the persistence ratio I'y = vy7/a,.

Reflection symmetry about the two body axes makes
them principal directions of the linear friction, ypoay =
diag(y1,72), while the anisotropic interaction splits the
circular-probe threshold into the critical curves I'y . 1 ()
and I'y ¢ 2(\). Between them,

Fg,c,l()\) < Fg < Fg’c’g()\), v < 0< Y2. (81)

Thus the resting state is unstable only along the narrow
axis, and this one-axis instability region broadens with
increasing aspect ratio [Fig. 7(b)].

The same reflection symmetries make each principal
axis an invariant direction of the wvelocity-dependent
force. Along the narrow axis, the force changes from
propulsive at small speed to resistive at high speed,
producing symmetry-related nonzero force-balance states
V = 4+Ve; with stable and unstable branches. Fixed-
velocity simulations reproduce the calculated friction
along both axes [Fig. 7(c)|, while freely translating probes
follow the stable narrow-axis branch [Fig. 7(d) and Sup-
plemental Movie 2 [77]].

B. Fourfold probe: nonlinear direction selection
and multistability

The fourfold probe is constructed by superposing four
copies of the Gaussian potential in Eq. (62), with centers
displaced by a distance b from the probe center along the
coordinate axes:

Us(r) = i S [Uy(r — ob@) + Uy(r — obg)].  (82)

o=%+1



The normalization ensures that b = 0 recovers the single
Gaussian probe. We use the dimensionless offset 8 = b/a.

For the fourfold interaction, Eq. (79) with R = Ry /2
implies fourfold rotational symmetry of the force. Since
the linear friction tensor is symmetric, this symmetry
forces it to be isotropic. Direction selection can arise
only from the nonlinear velocity dependence of the force.
Changing (8 switches the selected motion from diagonal
to axial, with an intermediate regime of directional mul-
tistability [Fig. 8(b)].

We obtain the vector force by substituting the
fourfold interaction into the general arbitrary-velocity
force in Eq. (20). Uniformly translating states satisfy
Fi.tn (Vi) = 0. Unlike the isotropic probe of Sec. V, the
force need not be parallel to V' away from a symmetry
direction. Mechanical power transfer depends only on the
longitudinal force component, whereas directional selec-
tion and stability require the full vector force. Within the
quasistatic dynamics generated by the stationary mean
force, the stability of a moving root must be determined
from the full two-dimensional force Jacobian.

Along the representative cut I' = 6, the diagonal mov-
ing states are stable at 8 = 2, the axial states are stable
at 8 = 3, and both sets coexist at § = 2.5 [Figs. 8(c)-
(e)]. In the multistable regime, four diagonal and four
axial attractors are separated by eight oblique saddles.

Freely translating probes reproduce the diagonal, mul-
tistable, and axial regimes predicted by the stationary
force [Figs. 8(f)—(h) and Supplemental Movies 3-5 [77]].
At B = 2.5, probes initialized near diagonal and axial
attractors remain in distinct long-lived moving states,
providing a direct dynamical signature of the predicted
directional multistability.

For the ellipse, anisotropic linear friction selects the di-
rection already at small velocity, whereas fourfold sym-
metry leaves the resting-state instability directionally de-
generate and shifts directional selection to the nonlin-
ear velocity dependence of the force. Both potentials
are inversion symmetric, so geometry control produces
symmetry-related moving states rather than rectification
toward a preferred polarity [24, 81-83]. The response in-
tegrals and stability calculations for both probe geome-
tries are given in Appendix G.

VII. EXTENSIONS OF THE
TRAJECTORY-RESPONSE RELATION

The leading force derived above is of order poU?. Probe
strength and bath density provide two directions in which

J

Spn.q = (—u)”po/ / (2m)*6D(q — Qn) aiUq, [ [(Q; - 4))U4,] 6™ (@1,
q1 dn j=

12

to extend this result. Introducing a bookkeeping parame-
ter Ay through U — Ay U, we organize the force at fixed
imposed velocity as the formal double expansion

Z Zp’“x"“Fb’;;] U] (83)

k=1n=1

Fyotn [AvU; po)

Here k labels the density order and n the order of the
probe-induced density perturbation; the force contalns
one additional factor of U. The coeflicients F,E i, do not
include the displayed factors of pg or Ay, and their de-
pendence on V' is implicit. The leading result of Sec. IT
is the (k,n) = (1,1) term.

Section VII A keeps k = 1 and constructs the higher
probe orders from multi-interval single-particle trajec-
tory statistics. Section VIIB keeps n = 1 and develops
the density expansion, representing the k = 2 coefficient
in terms of isolated-pair dynamics and placing it within
the general low-density hierarchy. Mixed coefficients with
both £ > 1 and n > 1 are not evaluated here. Details of
the derivations are given in Appendices H and I.

A. Higher orders in the probe potential

Beyond leading order, the self-ISF alone is generally in-
sufficient to determine the probe response; the response
depends on multi-time statistics of successive displace-
ment intervals. These higher-order terms fierst introduce
sensitivity to probe polarity at O(U3).

We continue the weak-potential expansion of Eq. (6)
by writing

P(r,s,t) = por(s +Z§P (r,s,t). (84)

Here §P, = O(U™) and §P; = 0P. For n > 2, collecting
equal powers of U in Eq. (5) gives

0i0P, = LodP, + pV - [5P,_VU]. (85)

Repeated application of Eq. (85) introduces consecu-
tive free-propagation intervals of durations t1, ..., ;. Let
T; = > )_, te, with Ty = 0. In Fourier space, let g; be
the wave vector supplied by the jth probe interaction and
define Q; = Y7 _, q,. The jth free-propagation interval
therefore carries the cumulative wave vector Q;, whose
mode is sampled by uniform probe motion at wg;.

Writing dp,,(r) = [ dsdP,(r,s), integration over the
final propulsion state then gives

o Quiwgy, -, wa,)s (86)

where the multi-frequency density response function and the corresponding multi-time generalization of the self-ISF



are defined by

g(n)(le'-'>Qn;w1>'-'

awn) -

(Pén)(Qh ey Qn; tl, . ,tn) = <exp —i Z Qj . (A"“O,Tj — A"'O,Tj,l)

Jj=1

The average is over a single free trajectory initialized
from 7(s), with the propulsion state evolving continu-
ously across the intervals, so the successive displacement
increments are generally correlated.

The corresponding contribution to the bath force fol-
lows from Eq. (3),

Fé:;lll) = _i/ 4iU—q 0pn,q- (89)
q

For n =1, G reduces to G, and Egs. (86) and (89) re-
cover the leading density and force responses of Sec. II.
For n = 2, related multi-time extensions of the self-ISF
have been used to characterize correlations between suc-
cessive particle displacements in supercooled liquids [84].
Higher-order position and velocity correlations have also
been calculated for active Brownian trajectories [85].

At O(U?), wave-vector conservation gives UU_q =
|Uq|?, leaving the leading force insensitive to the Fourier
phase and to polarity reversal, U(r) — U(—r). The cubic
correction contains products of the form UgUgU_q_g4'.
Unlike |Uy|?, these products retain information that can
distinguish U(r) from U(—7).

B. Finite-density extension to interacting baths

We next include interactions between bath particles
while retaining the density response linear in the probe
potential. The response form of Eq. (19) for the ideal
bath generalizes to

3pq = X0 (a4 wg3 Po)Uq, (90)
J

N

o0 oo . n ( )
/ dtl---/ dt, e 2=1“5 0 (Qy, ..., Quit1,. .. L),
0 0
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> . (88)

where the susceptibility now contains the density de-
pendence generated by bath-particle interactions. We
organize it as XfU(q,w;po) = Zk21p’(§x[’“](q,w). The
leading coefficient is the ideal-bath result, x"(q,w) =
1q?G(q,w), while the higher-density coefficients describe
interaction corrections. Below we show how the first of
these corrections is represented in terms of the interact-
ing N-particle dynamics.

(

We consider translationally invariant pair interactions
in the low-density regime and a homogeneous reference
state whose one-particle internal distribution is 7(s). For
N identical bath particles, the probe-frame dynamics of
Sec. II generalizes to

o =u(sq) =V — uV,U(ry)

— M Z vaWab + 2Dt Na (t)
b#a

(91)

Here Wy, = W(r, — rp) is the positional interaction
between bath particles. The internal state s, evolves
under the free generator L,,, and we also allow pair
interactions in the internal-state dynamics through a
probability-conserving contribution A,. . Both interac-
tions are translationally invariant.

We use a = (r4,5,) and da = di%,ds, to de-
note a particle state and its integration measure. Let
Un(l,...,N,t) be the joint probability density, normal-
ized by [dl---dN ¥y = 1 and symmetric under ex-
change of particle labels. Including both positional and
internal-state interactions, its evolution is

N
VN = [—(u(sa) = V) - Vat+ DiVo+ Lo, ] Un+ 1Y Vo [UnVaU(ra)]

a=1

N N
a0y D Vo [UNVaWar + DY Ay i

a=1b#a

For a weak probe, write ¥ = \IIE\?) + 58Uy + O(U?),

where 0¥y = O(U) and \Ilg\(,)) is the stationary distribu-
tion without the probe. This reference state includes the

a=1

(92)

a=1 b#a

(

bath interactions and need not factorize. Let Ly (V') de-
note the generator in Eq. (92) with the probe term omit-
ted, and write U, f = puV, - [fVoU(r,)] for the probe



contribution acting on a joint density f. Homogeneity
makes the reference state stationary also in the moving

frame, £N(V)\IJ§3) = 0. Keeping terms linear in U gives

N
08U = Ly(V)OUN + 3 U, TR, (93)

a=1

The source is the action of the probe on the unperturbed
interacting bath; its subsequent propagation includes all
bath interactions.

Since the bath interactions are translationally invari-
ant, the probe-free generator satisfies

N
Ln(V)=Ly(0)+V > V.. (94)

A Fourier component U, generates a source with total
wave vector q, which is preserved by the probe-free dy-
namics. The common drift in Eq. (94) therefore con-
tributes only the phase e“et. Projection onto reduced
densities preserves the same total wave vector. Thus, at
linear order in U, different Fourier modes do not mix
and the imposed velocity enters the density response only
through wq.

The bath force depends only on the one-particle
density, so we first reduce the N-particle distribu-
tion to its one-particle marginal. We define fi(1) =
N [d2---dN ¥y, which is the interacting-bath coun-
terpart of P(r,s,t) in Sec. II. Accordingly, p(r;) =
Jdsi f1(1) is the spatial density entering Eq. (3). The
interaction contribution acting on particle 1 gives

N
NMZ/dQ - dN V- [UnV W]
(95)

— V- /d2f2<1,2>v1W12,

where f5(1,2) = N(N—1) [d3---dN ¥y counts ordered
pairs of distinct particles. Exchange symmetry makes the
N — 1 terms on the left identical; this factor is included
in f5. Thus the interaction force on particle 1 depends on
the joint state of two particles and cannot in general be
determined from f; alone.

We write Lo, (V') for the free generator of Eq. (8) act-
ing on particle a. The directed interaction contribution is
Iaebf = /vaa . [fVaWab} + Aaeb,ﬁ Including both types
of interaction, the one-particle equation is

S = [Loa (V) + 2] fi + / 2T, sfs.  (96)

Retaining two particles instead gives
Oifa = [52
+ /d3 (T3 + Zoc3) f3.

(V) + Uy +Us)] fa
(97)
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Here f3(1,2,3) = N(N —1)(N —2) [d4---dN ¥y is the
three-particle number density. The isolated-pair genera-
toris Lo = Lo+ Lo2+ZLi2, with Loy = Loy +Tpeq and
the common velocity argument suppressed in this defini-
tion. It contains the mutual interaction of particles 1 and
2; the integral in Eq. (97) accounts for their interactions
with a third particle.

Continuing this reduction gives the Bogoliubov—Born—
Green—Kirkwood—Yvon (BBGKY) hierarchy [86, 87]. In
general, f,(1,...,m) = (N%;n), Jdm+1)---dN ¥y is
the reduced number density of m distinct particles. The
generator Ly,(V) = 31" Lo.a(V) + D1 cocpcm Lab in-
cludes their free dynamics and all mutual interactions,
but excludes the probe and particles outside this set. The
hierarchy is

m

La(V)+> U,

+Z/

Each equation therefore requires the joint density of one
additional particle.
At low density, f,, starts at order pj* for fixed retained

8tfm: fm

(98)

a<—m+1fm+1

coordinates. Let f(o) be the corresponding marginal of

\1153 and write f,, = fo) + 6fm + O(U?). The linear
probe response can be organized as

Z PoOL- (99)

Here § fyf] is linear in U and does not include the dis-
played factor pf. At order poU, the reference density

1(0)(1) = po7(s1) gives the ideal-bath response of Sec. II.
At order p3U, terms involving f3 do not contribute, so
the first interaction correction can be expressed entirely
in terms of the one- and two-particle equations. This
density truncation does not assume weak pair interac-
tions: repeated interactions within the same pair remain
included in Ly. The required reference pair density is

2(0)(1,2) = p2g2(1,2) + O(p3), where gy is the leading
stationary pair distribution and approaches m(s1)m(s2)
as |ry — ra] — oo [88, 89].

For the stationary response,
[dieiemisf (1), so that opg = .o pkopll
Using the wave-vector conservation and frequency sam-
pling established above, the pair-order density coefficient
can be written as

sl = U, / dt; / dts

x ewa(1 120, (g1, t).

define ¢ pgf] =

(100)

The kernel Cq collects the pair-order dynamics contribut-
ing to the one-particle density: the probe-induced pair
response propagates for a time to, is transferred to the



one-particle sector through the pair interaction, and then
propagates for a further time ¢;. Comparison with the
susceptibility expansion introduced above gives 5p£,2 I =
—xP(q, wq)Ug, so that pax!? is the first interaction cor-
rection to the density susceptibility.

As a simple limit, set A,«p = 0 and take a weak po-
sitional pair potential, with W (r) = fq e T Wy. To first
order in W, the two propagation intervals contribute the
free-particle self-ISFs,

Ca(g; t1,t2) = p°q We®o(q, t1)®o(q, t2) + O(W?).
(101)
Using the time transform in Eq. (18) gives
Xl (g, w) = =12 ¢ WeG(q,w)* + O(W?).  (102)
The two factors of G come from the two propagation in-
tervals, while Wg couples the responses of the two parti-
cles.
Returning to the force, keeping the leading probe-
potential order while retaining the density dependence
of the susceptibility gives

Fram,i(V) = — / qz‘|Uq|2§X§U(q7wq;po) +0O(U?).

q

(103)
Bath interactions enter through the higher-density coef-
ficients of XfU, beginning with the contribution p%x[z].
Thus, at this order, interactions modify the bath sus-
ceptibility while the probe weighting |U,|? and the fre-
quency sampling wq retain the same structure as in the

ideal bath.

VIII. CONCLUSION AND DISCUSSION

We have developed a weak-coupling theory in which
the self-ISF determines the leading density and mechan-
ical responses of a moving conservative probe in a di-
lute ideal active bath. This structure can be summarized
schematically as

q)O(q?t) — G(q7w) — /C(q,w),

(104)

{K(qa q - V)7 ‘Uq|2} — Fbath(V)-
We refer to the first relation connecting the intermediate
scattering function, ISF, reflecting the trajectory statis-
tics, with the density response function, as the trajectory-
response relation. The second relation then connects the
density response together with the probe potential with
the force exerted by the bath upon the probe.

The sign of K provides a probe-independent criterion
for mechanical power transfer: K > 0 everywhere ex-
cludes positive steady power for any weak probe, while
regions with K < 0 contain modes that can contribute
positive power. AOUPs, complete-reset RTPs, and ABPs
have different K even with matched two-point velocity
correlations because their trajectory statistics differ. For

15

a given probe, |Uy|? weights these modes, predicting drag
reversal, density distortion, and nonzero force-balance
roots in agreement with simulations. Probe geometry can
change the mode weighting to stabilize different direc-
tions of motion.

The main force and power-transfer results that we de-
rived are valid for leading order O(poU?) in the dilute
limit. We extended this framework perturbatively in both
probe strength and bath density, through higher-order
single-particle trajectory statistics and correlated bath
clusters. These expansions do not describe strongly cou-
pled or dense regimes with nonlinear density structure
and collective dynamics [5, 19, 29, 30, 33, 90-92|. Tran-
sient or oscillatory probe motion, beyond the steady uni-
form translation considered here, can additionally depend
on bath relaxation and memory [36].

Within the dilute regime, the trajectory-response re-
lation extends to other propulsion processes whenever
their free-particle displacement statistics can be deter-
mined [54, 93-98]. The same weak-coupling approach
could be extended to combined translation and rotation,
including probes in dilute chiral baths [99-101]: for an
orientable probe with interaction U(r,0), the conjugate
derivative —0yU gives the bath torque.

The moving probe considered here could be imple-
mented experimentally as a localized, translating optical
potential that forms a penetrable energy landscape for
colloidal and active particles [102, 103]. Free-particle dis-
placement statistics can be measured independently by
single-particle tracking or ISF techniques such as differ-
ential dynamic microscopy [76, 94, 95, 104, 105]. These
measurements could be used to determine K(g,w) and
predict the leading force for weak probes with different
shapes and imposed velocities. The same relation can be
used in reverse: measurements obtained while varying the
probe size, shape, and velocity can constrain the wave-
vector and frequency dependence of K(g,w). Taken to-
gether, our results establish an experimentally accessible
connection between free-particle trajectory statistics and
the mechanical response of a passive probe, two comple-
mentary routes to the same bath response.
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Appendix A: Complete-reset RTP response

The complete-reset RTP considered here coincides
with the ideal run-and-tumble process analyzed in [63].
Choose the polar axis along q and write z = n - q. Define
the orientationally averaged single-run transform

) = (s ) (A1)

Here s > 0 and the average is over a uniformly dis-
tributed orientation. The exact single-run results are

S
- d=1
~ 2 2927 ’
Galg,s)=q =T (A2)
(s2+qzv§) , d=2.

With o denoting the Laplace variable of the full RTP
active-displacement ISF, the renewal form is

TRTP __ galg,0+a)
¢a (q,O') - 1 o Olgd(q, o+ Oé) . (A3)

For D; = 0, Eq. (18) gives G(q,w) = ¢8TP (¢,0" — iw).
For the single-run transform entering the response,
write

ga(q, o — iw) = Xq +ily. (A4)
Direct division gives

I

%g(%w) = (1 — aXd)Q 4 a21d2'

(A5)

For (¢q,w) # (0,0), the denominator is strictly positive
because

NeEE o —w>2> <1 (49

For w > 0, the dimensional classification reduces to the
sign of 1.

In one dimension, using the first line of Eq. (A2) in
Eq. (A3) gives

|aga(q, a —iw)| < <

“RTP ota
= ) A7
(ba (q’ 0) CT(O' + a) + q2’U[2) ( )
Setting o = 07 — iw gives
o —iw
; = . . A8
R (48)
Its imaginary part is
w(a? 4+ w? — ¢?v?
3G(g.) = 2 ol )

(q21}(2) _ w2)2 + a2w? :

Using o = 771, 2z = quoT, and Q = wr, the dimensionless
response is

14+ 02— 22

RTP _
Kl (ZaQ)_ (22_92)2_’_92'

(A10)
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For Q > 0, the response is negative precisely when 22 >
1 + 2, which gives Eq. (37). Its continuous zero-speed
limit agrees with Eq. (38).

For d = 2 and w > 0, continuation of the second line
of Eq. (A2) from Rs > 0 gives

V(@ —iw)? 4+ ¢?v3 = A —iB.

Since A, B > 0, I > 0.
For d = 3, the projected orientation z is uniform on
[—1,1]. Equation (A1) therefore gives

1 /1 w — qUox
= dz
2 /)1 &+ (w—quoz)?
1 ! a? + (w+ qup)?
n :
dqug a2 + (w — qup)?

(A11)

I (q7 w) =
(A12)

The argument of the logarithm exceeds unity for qug > 0
and w > 0, so I3 > 0.

For d > 3, the projected angular measure for a uni-
formly distributed orientation is

_ I'(d/2) 2\(d—3)/2
Here —1 < 2 < 1. Equation (A1) becomes
ga(q, s) / e 2 (A14)
s) = T —
9a(q, I e
At s = a — iw, its imaginary part is
Ii(g,w) = / " (1) ——o — 407 (A15)
i) = 1 Pal) ey (w—quor)?’

For d > 3, pa(x) decreases with |z| and can be written as

pa(z) = / | de wg(cc).

(A16)

The weight is wq(c) = —2c¢pl)(c) > 0. Substitution into
Eq. (A15) gives

Id(q7w):/0 dewqg(c)I3(cq,w). (A17)

For qug > 0 and w > 0, Eq. (A12) gives I3(cq,w) > 0
for ¢ > 0, and therefore I;(q,w) > 0. Together with the
d = 2 result, this proves Eq. (40) for every d > 2.

Appendix B: Angular Hierarchy for the ABP
Response

This appendix gives the angular-harmonic representa-
tion used to evaluate the free-ABP response in Sec. III C.



1. ABP specialization

Choose the polar axis along g and write z = q - n.
Let f(n,t) denote the active-displacement characteristic
function conditioned on the initial orientation n(0) = n,
where £ = t/7 and 7 = [(d — 1)D,]~!. Over an infinitesi-
mal interval dt,

dt

f(n, T+ dD) =e = | f(n, ) + T Ve f(n1)
+ O(d?). (B1)
Expanding to first order in dt gives
1 .
oif = ﬁV%d,lf —izaf = —Bg(2)f. (B2)

The initial condition is f(n,0) = 1.

We use the normalized uniform measure dp(n) on
S with [g,-, du(n) = 1, and the associated angu-
lar inner product

P = [ dutm) fmpgtm). (83

We use the orthonormal basis {|I)};°, with respect to
this inner product, where | denotes the angular degree
about the q axis. The [ = 0 mode is the constant uni-
form mode. For d > 3, these functions are normalized
Gegenbauer polynomials, while for d = 2 they reduce to
the normalized cosine basis. Related spectral representa-
tions of the free-ABP displacement statistics have been
developed previously [54, 76].

Averaging the conditional characteristic function over
the stationary uniform orientation gives

A5 (2,1) = (0] B44) o), (B4)

Independent translational diffusion multiplies the
. . 27
active-displacement ISF by e™%%"¢ where § = D,/ (v3T).
The response is

Glqw) =1 <o ‘ [Ba(z) + 6221 — Q] *1‘ 0> . (B5)

where | is the identity operator. We extend the dimen-
sionless notation of Eq. (30) to finite translational dif-
fusion by writing ICABP(q,w Dy) = 2K§BP(Z 0;6).
The response used in the main text is K;3BF(z, Q)
K4BP(2,0;0).

2. Hyperspherical matrix elements

In this basis, multiplication by x couples only neigh-
boring angular sectors. For d > 3, the Gegenbauer recur-
rence and orthogonality norms [106, Table 18.9.2; Table
18.3.1] give

D = (el + 1) = \/(éﬁiii)il;;(ilfz”' (B6)
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The nonzero matrix elements are

Ba(alu = LF1=2) (B7)
Ba()iis1 = Ba(2)li41, = izel”. (B8)

For d = 2, the dlagonal elements are [?. The neighboring-
mode coupling is cé = 1/\[ 2 for I = 0 and 0(2 =1/2
for I > 1. Related recursive spectral methods have also
been used for confined ABPs [107].

3. Continued-fraction representation

The tridiagonal hierarchy can be reduced recursively
to a scalar continued fraction using the identity

(Z g) 7 = (a— bDflc)_1 . (B9)

00

Related continued-fraction constructions for the free-
ABP self-ISF have recently been obtained in [108].

Let A; denote the diagonal eigenvalue of B4(0). For
d>3, A =1(l+d—-2)/(d—1). Ford =2, A, =2

For a truncation at angular index l.x, let R; denote
the effective diagonal element for sector [ after recursively
eliminating higher sectors. At the final sector, R;

max

Ay, + 02?2 —iQ. Applying Eq. (B9) recursively gives
27 .(d)2
— A 02— "] (B10)
Ry

The isotropic matrix element appearing in Eq. (B5) is
1/Ry.

1 1
Bl el
Q Ry
This expression applies for nonzero ) and gives the
continued-fraction evaluation of the response.

K$BP(2,Q;6) = (B11)

4. Static recurrence

The response can be obtained directly without eval-
uating Eq. (B11) at small Q. Expand R;(Q) = Rl(o) —
iQ; + O(9?). The continued fraction then gives

il

R = A +622 + =0 (B12)
R
141
22[c(dD2
Q=1- [(é ] Qut1- (B13)
(R, )2

The terminal condition is @,
is

= 1. The static response

Qo
[R)2

For § = 0, this gives K3BF(2,0) used in the main text
and in Appendix C.

KPP (2,0:0) = (B14)


https://dlmf.nist.gov/18.9.T2
https://dlmf.nist.gov/18.3.T1
https://dlmf.nist.gov/18.3.T1

Appendix C: ABP Asymptotics and Response
Normalization

1. Ballistic limit for d > 2

For z > 1, the ballistic phase in the active-
displacement ISF oscillates rapidly once 2zt becomes
large. Contributions from # > z~! largely cancel under
the angular average, so the static response is controlled
by t = O(z71).

With y = 2t, Eq. (B2) becomes

1
(d—1)z

Rotational diffusion is negligible to leading order, giving

2P (z.y/2) = galy) + O(7H). (C2)

Using the projected angular measure in Eq. (A13),

oy f = —izf + Va1 f. (C1)

galy) = /_ dopy(a)e

(C3)
dj2—1
=T(d/2) (5) Jas2—1(y)s

where the second equality follows from the Poisson inte-

gral representation of the Bessel function [106, (10.9.4)].
Using tdt = ydy/z? and introducing a convergence

factor e™" with n > 0, the regulated static response is

1 [ _ B
K0 = 5 [ dyve i) + 0. (€

The large-z limit is taken first, followed by n — 0%.
Using Eq. (C3) and the Laplace-Bessel transform [106,
(10.22.49)),

: > - I'(d/2)
1 m =2——F—=d—2.
Therefore,
-2
O ] (C6)

The coeflicient vanishes at d = 2, requiring the next order
in the large-z expansion.

2. Marginal cancellation in two dimensions

For d = 2, Eq. (C3) gives g2(y) = Jo(y), and the lead-
ing ballistic moment vanishes,

oo

lim dyye " Jo(y) = 0. (cn

n—0t Jo

We therefore expand the d = 2 evolution equation ob-
tained from Eq. (C1) as f(0,y) = fo(0,y) +2""f1(0,y) +
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O(272), with fo(6,y) = e7¥<5? Because the contribu-

tion from fy vanishes by Eq. (C7), the first nonzero static

response comes from f; at order z73.

The first correction satisfies
(0y +icosh) f1 = 03 fo, (C8)

with f1(6,0) = 0. Its solution is

2 3
f1(60,y) = e7ivcos? % cosf — % sin? 6| . (C9)

The required angular averages are

(cosfe e ?y =iJ(y), (C10)
!
(sin? fe Vet = Jogiy). (C11)
They give
2
o) = (HO.) = ~FR).  (C12)
Hence
1 R _
KpPP(2,0) = —5g lm | dye ™y Jyly) + O,
(C13)

Using A(n) = [, dye " Jo(y) = (1 +n*)~1/2, inte-
gration by parts gives

| vyt = -3a%m) ~na). - (C10
0
The integral tends to 3 as 7 — 0. Therefore,

1
K3BP(2,0) = ——— + 0(z7).

= (C15)

3. Long-wavelength asymptotics

For z — 0, the uniform state of B;(0) evolves into a
slow mode whose eigenvalue \g(z) begins at order z2.
The linear correction vanishes because the perturbation
izz has no diagonal matrix element in the uniform state.
Since #|0) lies entirely in the I = 1 sector and |(0|z|1)|* =

1/d, second-order perturbation theory gives

Ao(z) = 4 O(z4).

2
— C16
- (C16)
By the same selection rule, the weight of the slow mode
in the uniform-state matrix element remains 1 + O(22),
while the remaining angular modes have finite relaxation
rates as z — 0. Using Eq. (44), the slow mode therefore
gives

d2
KdABP(Z’ 0) =

S 1+0E). (c17)


https://dlmf.nist.gov/10.9.E4
https://dlmf.nist.gov/10.22.E49

4. High-frequency asymptotic behavior and
normalization

For fixed z and large €2,

i

Ba(z) —iQ] ™' = ﬁl + %Bd(z) +0(Q7%). (C18)
Since [B4(2)]oo = 0, Eq. (B11) gives
K32BP(2,Q) = % + 0. (C19)

We now explain the normalization introduced in
Egs. (50) and (51). Its asymptotic forms are

Ny(z) 2 z— 0,

2
Na(e)~ = 200, d23, (C20)
Ny(z) ~ 223, Z — 00.

These forms compensate the corresponding static asymp-
totes derived above. Thus Hy(z,0) — 1 as z — 0 in all
dimensions considered here, and for d > 3 also as z — oo.
In two dimensions, the negative large-z response instead
gives Ho(z,0) — —1.

Equation (C19) further gives Hy(z,Q) — 1 as Q — oo
at fixed z.

5. Large-d behavior of the response minimum

We consider D; = 0 and d > 3, and first determine the
minimum on the static boundary. At Q2 = 0, the [ = 0
static recurrences give

2

0 _ _*
0T (o)
dR
b (C21)
Qozl—zin
d[R;" )2

Substitution into Eq. (B14) and the normalization of
Eq. (50) gives

PRV - dz*Q,

Ha(20) = =g =92

(C22)

Equation (C22) reduces the static large-d calculation to
R” and Qy: obtaining Hy(z,0) through order d—2 re-
quires Rgo) through order d—2, but Q; only through order
d=1.

For z = O(1) and fixed [ > 1, [cl(d)]2 = O(d™1), so that
R =1+ 0(d ) and Q =1+ O(d™"). For I = 1,

2 6
P =5 - 0.

= (C23)
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Since [cgd)]2 = O(d™1), obtaining R§°) through order d—2
requires Réo) only through order d=!. The [ = 2 recur-
rence gives

2 2
R =2+ =22 0@, (C24)
The | = 1 recurrences then give
2 479 1 42
RO =1+% - %% +0(d3),
0 (C25)

_1_* -2
Qu=1-2+0(d™).

Substituting into Eq. (C22), the order-d—! terms cancel,
leaving

(2 6)*/2-18 |

Hy(z,0) =1+ 7 O@d=3).  (C26)
Its minimum occurs at z2 = 6 to this order,
. 18 _3

rznzlngd(z,O) =1- =+ o@d™). (C27)

We next examine whether a nonzero frequency can

produce a lower value. Since Ag = 0 and [c(()d)]2 = 1/d,
Eq. (B10) gives

2

Ry= i+ ——

i (C28)

Since Ry = O(1), the two terms identify  ~ d=! as the
crossover frequency scale.

For fixed z = O(1) and Q >0, Ry =1 —iQ +O(d™1).
Using Eq. (B11) gives

2

z
Hd(Z,Q) = 1 + m

+0(d™?). (C29)

The positive order-d—! correction therefore places fixed
nonzero frequencies above the static minimum, whose de-
viation from unity is only of order d—2.

For frequencies that vanish with d, set Q = w/d with
w = O(1). Both terms in Eq. (C28) are then of order
d~! and must be retained together. Since Ry = O(d~1),

its expansion through order d~2 is needed to obtain the
first order-d—! correction to Hy. This gives

w> 1_|_1 22w
z,— | = T ——
" d d 24 + w?

2
Hy ( L Od?). (030
As @w — 0, the order-d~! correction vanishes, so the
order-d~2 static result in Eq. (C26) becomes relevant.
Resolving this inner region by a separate expansion

about the static boundary gives, for Q = o(d™1),

d?
Hd(Z,Q) - Hd(Z,O) ad 7 > 0.

(C31)
Together with the numerical minima found at Q = 0,
these results support a minimum on the static boundary
in the large-d limit and 1 — mg ~ 18/d>.



Appendix D: Positivity Preservation under
Translational Diffusion

This appendix proves the positivity-preserving trans-
form used in Sec. IITF. The only additional assumption
is that translational Brownian motion is statistically in-
dependent of the inversion-symmetric active propulsion
process.

For each fixed ¢ # 0, introduce a convergence factor
e~ in the D; = 0 response. For 1 > 0 and w # 0, define

Kolqwi0) = 2 [ dte o (g s, (DD

For every n > 0, the damped function is integrable, and
ordinary sine inversion gives

e " pa(q,t) = z/ dw' WK, (g,w';0) sin(w't). (D2)
T Jo

Independent translational diffusion supplies the addi-

tional factor e~2¢°t. The sine product is

2D, q?ww’
(w—w)?+ (Deg?)?
1
(w+w)?+ (Dig?)?
(D3)
Substituting Eq. (D2) into the response with D; > 0
and using the same regularization gives the correspond-
ing transform with KC,(q,w’;0) on the right-hand side.
Taking n — 07 yields

oo
/ dte Dea’t sin(wt) sin(w't) =
0

X

4D, [
K(q,w; D) = tq/ dw’ w”K(q,w'; 0)
T 0
« L (D4)
(w—w)? + (Dig?)?
1

X .
(w +w/)2 + (th2)2

This is Eq. (54). If the sine transform at D; = 0 con-
verges conventionally, the same relation follows without
regularization. Every weight in Eq. (D4) is nonnegative.
If K(q,w';0) > 0 for all g and w’, then K(q,w;D;) > 0
for all g, w, and D; > 0.

Appendix E: Scaling reduction for probes with a
single length scale

We consider a radial potential with a single length
scale, U(r) = evy(r/a), where € sets the potential am-
plitude, a is its characteristic width, and 1 is a fixed
dimensionless profile. Defining (k) = [ dlye Ry (y)
gives

Uy = ca’i(aq). (E1)

We use the dimensionless variables z = qugT and ) = wr
defined in Sec. III. For finite translational diffusion, define
§ = D;/(v37) and write K (¢,w; Dy) = 72K (2,95 0).
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1. General scaling form

Choose the polar axis along V', set k& = aq, and let
v =2(q, V). With T = vg7/a and v = V /vy,

z = kT, Q = kT'v cos o. (E2)

We denote the area of S*~! by Ay = 27%/2/T'(d/2) and
its angular measure by d24_1.

For an isotropic bath and radial probe, the bath force
is parallel to V. Projecting Eq. (24) onto V gives

FX(V) = —MPOV/Q4 |Uq)? cos® ¢ K (q,qV cos @; Dy) .

q
(E3)

Using d% = ¢~ 'dgdQq_1, k = aq, and Eq. (E1), the

effective friction v (V) = —F”X(V)/V becomes

X
) oG ), (B
0

where

d
Gé{w(F, v,0) = A /Sdil dQg_1 cos? ¢

o0 kd+3
X / dk
0 (2m)d

1&(1@)]2 KX (KT, kTw cos ; 8) .
(E5)

2. Gaussian specialization

For the Gaussian probe used in Sec. IV, [¢)(k)|?
/(2m)4 = e=*". Defining G¥(T,v,6) = Gé{w(F,V, 0) for
this profile gives

GX(T,v,8) = Ad / dQy_q cos® @ / dk k33K
d—1 Sd—l 0
x K2 (kT', kT'v cos @; 6) . (E6)

At v = § = 0, this reduces to the linear scaling function
used in Sec. IV.

Appendix F: Velocity-Dependent Response of the
One-Dimensional RTP and Two-Dimensional ABP

This appendix derives the velocity-dependent results
used in Sec. V.

1. High-speed resistance

The high-speed result follows from the short-time prop-
erty ®g(q,0) = 1. Choose the z axis along the imposed
velocity, V = V. Define

C(r) = / U™, C0)=Cy.  (F1)



Using Eq. (20), the longitudinal force can then be written
as

Fy (V)
Po
With y = Vt,

- /OO dt (0,C(Vt&E — Argy)).  (F2)
0

Fy(V o0 ~
IP(O) = v /0 dy (0:C(y & — Aroyyv)).  (F3)

For fixed y, the free-particle displacement satisfies
Argyvy — 0 as V. — oo. For a sufficiently regular lo-
calized potential, the short-time limit can therefore be
taken inside the integral, giving

V) pn

Aav)_ e = Z)+o(V!
DL | wacte) v ()

Since C(r) — 0 as |r| — oo,

Fy(V) C

Il Hly -1
= 22U Loy

0 ‘r ( )a

Co= [ 1w, = [atrvueE. @)

The second equality follows from Parseval’s identity. For
every localized potential for which the above integrals
exist, Cyy > 0, so the leading high-speed force opposes
the probe motion.

2. Long-wavelength diffusion and the small-speed
expansion

Consider an isotropic free-particle process with finite
long-time diffusivity D. At long wavelengths on diffusive
time scales,

1 1

Glq,w) ~ Df —iw’ K(q,w) ~ D2 + w2 (F6)

For a localized real probe with Uy = Ug—¢ # 0, subtract-
ing the zero-speed friction in Eq. (20) gives the small-q
contribution

(V) =1(0)
Po
_uon2V2/ ddq (@-v):
D2 Jigi<qun (2m)9 D2g2 4+ V2(g- V)2’

(F7)

where ¢,, denotes the upper wave-number scale over
which the diffusive approximation applies.
In one dimension,

/"““% 1 _ 1 tan—l(unv>
2T D@+ V2 7D |V] V]

1
2D |V|

(F8)

+O(1).
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It gives
Fi(vV)

0 Uo|?
_20)y, el 03\
£0 Po 2D

In two dimensions, Eq. (F7) contains the radial integral

/q“V dgq 1 ) D%¢2, +VZ%cos? o
= n .
o D?¢?+V2cos2¢p 2D? V2cos? o

VIV|+0(WV?3). (F9)

(F10)
For |V| < Dgyy, the term proportional to In|V] is ob-
tained using fo% dip cos* ¢ = 3m/4. The remaining finite
terms can be absorbed into a velocity scale V4, giving

Fy(V) (0) 34 |U|” Vi
| 7 ) 3 0 3
=— \%4 V21 o).
po Po T T V| +oV)
(F11)

For d > 2, the corresponding small-q integral is conver-
gent at ¢ = 0, and the leading nonlinear correction from
the diffusive long wavelength mode is analytic.

3. Exact velocity-dependent force for the
one-dimensional RTP

For the one-dimensional RTP at D; = 0, evaluate
Eq. (A10) at the moving-probe frequency. For each ¢,
Q= qVr, so Q% = 1222 with v = V/v. The response
becomes

1—(1—v%)2?
22 + (1 — v2)222]
Using KF*TP(q,w;0) = 72KFT™(2,Q) in Eq. (20) gives,
for an arbitrary localized weak real potential,

KF¥P(2,0) = (F12)

RTP
V) v dg oy 1= (L)
£0 v ) 2m T p2 4 (1 —02)222
(F13)

The force is odd in V', and the integral remains finite at
|V| = 9.
For the Gaussian probe, Eq. (F13) becomes

RTP 9 0o
Aoy ape u/ dk k2e**
Po avo 0

1—T2(1 —v?)k?
V2 +T2(1 — 12)2k2"
For |v| # 1, the standard integral representation of the
complementary error function [106, (7.7.1)] gives

(F14)

ATV pe [ﬁ — e erfe(c)
o P A e (F15)
_ ﬁ]
2(1 —v2) |’

where ¢ = |v|/[['|1—12|]. At V = v, the continu-
ous value is F‘FTP (vo)/po = —v/mue?/(2avy). Expanding
Eq. (F15) around v = 0 gives Eq. (78). The v |v| term
is consistent with the one-dimensional long-wavelength
result in Eq. (F9).
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4. Large-persistence force-balance speeds

For both the one-dimensional RTP and two-
dimensional ABP, the stable force-balance speed ap-
proaches vg as I' — oo.

For the one-dimensional RTP, the nonzero root of
Eq. (F15) approaches vETF = 1 as T' — oo. Writing
s =1— (vBTP)2 the root condition becomes

22

1 — /mee erfe(c) = 5

(F16)

Here ¢ = v2TP/(T's). In this limit ¢ — oo, for which

1
Vree® erfe(c) =1 — 52 T % +0(c79). (F17)
Expanding Eq. (F16) for 1 — vFTP < 1 gives
2 (1 — vRTP) — 612 (1 — v8TP)* = 0 (F18)

at leading nontrivial order. The nonzero solution there-
fore gives

V*RTP 1

1 = —
Vo 3F2

+o(I'"2).

(F19)

For the ABP in two dimensions, consider trajectories
near V = wvg. For trajectories initially moving along gq,
rotational diffusion gives 6%(t) = O(t/7) for t < 7. For
q parallel to V and V = wvg, the ballistic displacement
vot is canceled by the probe displacement in the phase
sampled at wgq. The longitudinal displacement is

t t
Ary(t) = ’Uo/ dt’ cos 0(t') ~ vot — 1}2—0/ dt' 0*(t).
0 0
(F20)
The correction is O(vgt?/7). It changes the Fourier phase
by order unity when

t2

qUO? = 0(1)7 (F21)

so that t/7 = O(z71/2). This is the time scale at which
rotational diffusion changes the response of this mode.
For VABP < 4q, the speed difference produces a dis-
placement (vg — VABF)t. For the speed difference to
change the response on this time scale,
q(vo — VARt = 0(1). (F22)
Using z = quor and t/7 = O(2~/?) in the phase con-
dition gives the velocity scale near vg. For a probe with
characteristic width a, ¢ = O(a™!) and hence z = O(T),
giving
VABP
*

1 o I~1/2,

(F23)
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FIG. 9. Dynamics and initial-condition dependence
of freely moving probes. Time evolution of the normal-
ized probe speed v from several initial conditions. Horizon-
tal solid and dashed lines indicate the stable and unstable
force-balance states, respectively. (a,b) Coexistence regime
'Y < T < T¥ for (a) a one-dimensional RTP bath and
(b) a two-dimensional ABP bath. (c,d) Regime above T'Y for
the corresponding RTP and ABP baths. The two-dimensional
ABP simulations use N = 2 x 107; all other simulation pa-
rameters are unchanged.

5. Freely translating probe dynamics

Let R be the probe position and x,, the position of
bath particle n. A passive probe of mass M with bare
friction (y obeys

R=V,
_ N
MV =—(V + Y VU(x, — R). (F24)
n=1
A uniformly translating state satisfies
Fy(Vi) — Vi =0. (F25)

When the probe velocity varies slowly compared with the
relaxation of the density profile in the probe frame, the
mean radial dynamics is approximated by

MV = F(V) - (V. (F26)

The simulations use (o = 0. Transient motion need not
follow Eq. (F26) exactly because of memory and force
fluctuations.

In the one-dimensional RTP coexistence regime, tra-
jectories initialized on opposite sides of the unstable root
relax to rest or to the stable moving branch [Fig. 9(a)].
For the two-dimensional ABP, fluctuations obscure this
separation near coexistence, where the radial force
is small [Fig. 9(b)]. Above I'X, the RTP speed ap-
proaches the force-balance root closely, whereas the mean
ABP speed remains slightly below the constant-velocity
value [Fig. 9(d) and Supplemental Movie 1 [77]]. The sim-
ulation protocol is described in Appendix J.



Appendix G: Force and Stability for Anisotropic
Probes

This appendix gives the response integrals and stability
calculations for the fixed-orientation elliptical and four-
fold probes considered in Sec. VI. The bath is the two-
dimensional ABP bath.

1. Elliptical Gaussian probe

For the elliptical Gaussian probe defined in Eq. (80),
let ¢; = q-€; and write ¢ = cos 1 €1 +sin 1) 5. Its Fourier-
space interaction satisfies |Ug|® o< exp[—(a2¢? + a3q3)].
Using a; = ag/ﬁ, as = agﬁ, and I'y = vo7/a,, we
obtain the response integrals used in Sec. VI A.

For compactness, let s; = cost, so = sint, and h) =
A1s?4+As3. For V = Ve, and v = V/vg, writing v, (V)
—F;(V)/V, Eq. (20) gives

; V 2_92 27 o
i ):'MQTﬁ / dﬁs?/ dz 25
Po agl’y Jo 0

2h
x K2BP (2 Q) exp (—zr;‘) .
7

(G1)

The linear drag follows by setting v = 0, and the crit-
ical curves I'y . ;(A) in Fig. 7(b) satisfy ;(0) = 0. The
branches in Fig. 7(d) are obtained from the zeros of the
narrow-axis force.

2. Fourfold Gaussian probe

The Fourier transform of the fourfold potential defined
in Eq. (82) is Us,q = Uy q[cos(g.b) + cos(gy,b)]/2. With
k =aq, f =b/a, and g = (cos ¥, sind), define

Wy(k,9;8) = i [cos(kB cos ) + cos(kf sin 19)]2 , (G2)

and

fa(v;I',B) = mFbath(on)- (G3)

J

23
With z = kT and Q = zq - v, Eq. (20) gives

[e%s) 27
£t )= -1 [ akie [ g (@)
0

0
x Wik, 9; B)K5PF (2, Q). (G4)

Stationary roots are obtained numerically from
fa(vy; T, B) = 0. At each root, we evaluate the Jacobian

(G5)

Stability is determined from its eigenvalues. At axial or
diagonal roots, symmetry makes the directions parallel
and perpendicular to v, eigenvectors of J. Denoting the
corresponding eigenvalues by jj and j , the root is stable
when j <0 and j; <0, and is a saddle when 77, <O0.
These criteria are used to classify the roots in Fig. 8.

Appendix H: Details of the Higher-Order
Weak-Potential Expansion

This appendix gives the Fourier-space recursion under-
lying the higher-order results of Sec. VIT A.

For n > 2, the formal solution of Eq. (85) expresses
0P, as the free propagation of the source generated by
0P, _1:

t
(SPn(t):u/ dt’ =Ly L [5P,_, (t)VU].  (H1)
0

To iterate this relation in Fourier space, each probe in-
teraction contributes the convolution

VU0, == [ g @ Wb (12

q/
Between successive probe interactions, a mode with wave
vector g propagates under
Lo(q) = L5 — Dig* —ig - [u(s) — V1. (H3)
The second and third orders make the resulting se-

quence of probe interactions and free propagations ex-
plicit:

5Psq = 1o / / (27)96D (q — Q) B Uas (Q2 - 42)Uas
q

q
o : o0
></ dtg/ dty etzﬁo(Q2)et1£0(Q1)ﬂ-)
0 0

6Psg= — ipo / / / (2m)16@D (q — Q3) ¢2Usg, (@2 - 02)Uay(Qs - 45)Usg,
qi1 Y q2 JYq3

« /Oo dts /OC dty /Oo dt, et3L0(Q3) t2L0(Q2) t1Lo(Q1) o
0 0 0

(H5)
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Integrating the ordered propagators over the final propulsion state gives

et2£o(Q2) t1Lo(Q1) 1

/ ds etnLo(@n) ..

Using Eq. (H6) in the iterated recursion and performing
the time integrations gives Egs. (86) and (89).

Appendix I: Low-Density Expansion for Interacting
Baths

We derive the reduced response equations from the
N-particle linear response, obtain a pair-dynamical rep-
resentation of the order-pgU response, and evaluate its
weak-interaction limit.

For an initially unperturbed bath, §¥(0) = 0, the
formal solution of Eq. (93) is

SN (L) :/ at’ elt= t>ﬁN<V>Zu v 1)

a=1

The probe creates the source ), Ua\I/SV), which propa-
gates under the unperturbed interacting dynamics. No
expansion in density or pair-interaction strength has yet
been made.

We now project this response onto the reduced number
densities f,, defined in Sec. VIIB. Their normalization
is N!/(N —m)!, corresponding to the number of ordered
sets of m distinct particles. Terms acting only on elim-
inated coordinates integrate to zero under periodic or
vanishing-current boundary conditions and probability
conservation in the internal states. For a retained parti-
cle a < m, the interactions with the eliminated particles
reduce according to

N! /
SEEEAL - Z m+1)--dN Ly ¥y
(N m) b=m+1 (12)

:/d(m+1)za<—m+1fm+l~

Exchange symmetry makes the N —m contributions iden-
tical, while [N!/(N —m)!|(N —m) = N!/(N —m —1)!is
premsely the normalization of f,,+1. The companion term
Ty, in which the interaction operator acts on the elim-
inated particle b, integrates to zero. Summing Eq. (I12)
over the retained particles recovers the BBGKY hierar-
chy.

Linearizing this hierarchy about the stationary refer-
ence state gives

)0 fm + iuaféi’)
o=t (13)

+ Z/d(m + 1)Ia<—m+16fm+1~
a=1

) = exp ZWQJ Ql,...

7Qn;t1)"'7tn)' (HG)

(

The terms U, 6 f,, are omitted because they are quadratic
in U.

The density expansion in Eq. (99) implies that the m-
particle response starts at order p{*. Since the interaction
operators carry no additional power of density, coupling
t0 0 fin41 first enters one density order higher. Thus only
the sectors with m < k contribute at order p§.

At leading order, fl(o)(l) = pom(s1), and the k = 1 part
of Eq. (I3) gives

= Loa (V)oY +thm(sy). (14)

Since Uym = prV3U, multiplication by pg recovers
Eq. (7).

a6 fl!

1. Pair-order response

For the first interaction correction, the reference pair

@mW$ﬁ%Lm—%m<>+0%>mm@mm
is the leading stationary pair distribution in the full
particle-state space. At this order its stationary equation
is

L5(0)gs = 0. (15)

The coupling to féo) begins only at order p3. Homogene-
ity gives (V1 + Va)g2 = 0, so the common probe-frame
drift does not affect Eq. (I5).

Extracting the order-pgU terms from Eq. (I3) gives

B0 f5 = LoV i+

0,02 = Lo (VYo + / 2T 502 1,2).  (17)

+ (U + Un)ga, (I6)

Accordingly, the order-p2U response closes in the one-
and two-particle sectors, and there is no additional probe
source in the one-particle equation. The first equation de-
scribes the probe-induced pair response, while the second
transfers its interaction contribution to the one-particle
density.

For an initially unperturbed bath, solving Eq. (I6) and
inserting the result into Eq. (I7) gives

52 / dt, e“‘:“(v)/dQIh_g

(18)
x/ dtz €22V (U + Us)ga(1,2).
0
The interval ¢, propagates the pair response before it
enters the one-particle equation through Z;. o, while t;
propagates the resulting one-particle contribution.



Using U(r,) = fq €47, the pair source in Eq. (I6)
can be written as

(ul +u2)92 = / Uqu,Qa (19)
q
2
Sq.2(1,2) = MZ e e [ — q292(1, 2)
a=1

+ig- Vagg(l,Q)]. (110)
Since U4 has been factored out, Sq 2 is independent of
the probe potential and is determined by the probe-free
pair distribution gs.

The projection onto the one-particle density preserves
the wave vector q carried by the source. Together with
the translational-symmetry relation in Eq. (94), the two
propagation intervals in Eq. (I8) contribute the common
phase elwa(titt2) - After extracting this phase, we define
the remaining density-mode amplitude by

/dSl €t1£’0’1(0)/d2114_26t2ﬁ2(0)8q72(1,2)

= e ITICy(q; 1y, t2).

(111)

Thus Cy contains the probe-induced pair source, its in-
teracting propagation, its contribution to the one-particle
density through the pair interaction, and the subsequent

one-particle propagation.
Substituting Egs. (I9) and (I11) into Eq. (I8)
(2]

gives Eq. (100). Comparing that result with dpg° =
—x12 (g, wq)Uq gives

(g, w) = —/ dtl/ dty
0 0

X €iw(t1+t2)cz(CI;t17t2)-

(112)

Uniform probe motion evaluates this response function
at w = wq.

Equation (I11) defines Cy as the amplitude of a one-
particle Fourier mode. Evaluating this mode at r; = 0
and using adjointness gives

Ca(giti,ta) = / d1d2 [etzﬁz“’)sq,g} (1,2)

X Ilf(_Qetlﬁf),l(O)g(d) (r1).

(113)

Here ' denotes the adjoint, defined by JAOf) =

J(OTA)f. For a Markov generator, ett' 4 gives the con-
ditional expectation of the observable A after a time ¢.

Let Ya(t) = (14,2;) be an isolated-pair trajectory gen-
erated by £(0), and let (- - - )y, o) denote an average con-
ditioned on its initial pair state. Writing the pair propa-
gator in Eq. (I13) as a trajectory average gives

Cg(q;tl,tg) = /d].o d205q72(10,20)

o < [ILQQtlLS,l(O)(;(d) (7'1)} (YQ(t2))>Y2(O) _

(114)
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The interval t5 samples an isolated interacting-pair tra-
jectory generated by L5(0), while the subsequent one-
particle propagation over t; is generated by Lo 1(0).

2. Weak pair-potential limit

The pair response derived above does not require
weak bath interactions. We now consider the simple
limit A, = 0 and introduce W — Ay W, retaining
terms through first order in Ay,. The pair interaction is
Ticof = AwpVie - [fv1W12]'

At Ay = 0, the reference pair distribution factorizes as
g2(1,2) = 7T(S1)7T(82), and [:2(0) = £071(0) + £072(0) +
O(Aw). Since Cs already contains one factor of Zj. o,
its term linear in Ay is obtained by evaluating the pair
source and propagators at Ay = 0. The corresponding
source is

Sl(;g(l, 2) = —pq’m(s1)m(s2) (eiq'r1 + eiq'”) . (115)

The two terms in Eq. (I15) contribute differently to
the projection onto the one-particle density. For the term
proportional to €971, particle 2 remains spatially uni-
form under the free propagation, and

/d’l"z V1W(7"1 — 1"2) =0. (116)

This term gives no contribution at first order in W. Only

the source acting initially on particle 2 survives.
Free propagation of the surviving mode gives

/ dss [etzﬁofﬂﬂ)w(sz)eiq'w} = T2 (q,ty).  (IL7)

Using W (r) = fq €Wy, the interaction transfers this
mode to particle 1 through

/d’l"g T W (1) — 1) = quqeiq""l. (118)
Consequently,
d2T etz[ﬁo,1(0)+ﬁo,2(0)]5(0)
/ e 22 (119)

= Aw1° ¢ Wq®o(q, t2)m(s1)e I ™.

The subsequent free propagation of particle 1 contributes
the second factor ®g(g,t1). Setting Ay = 1 gives
Eq. (101). Substitution into Eq. (I12) separates the two
time integrals and gives Eq. (102). Thus, at first order in
the pair potential, the two propagation intervals reduce
to two independent single-particle responses, coupled by
Wg.

As a consistency check, for passive Brownian particles
Do(q,t) = e~ Dt and G(q,w) = (Dyg* — iw)™L, so the
weak-pair result becomes

p ¢t Wq

Dig? —iw)? +O(W?). (120)

X[Q](CL w) = —



At w = 0 and D; = u/Br, with Br = (kgT)~?, the
susceptibility through pair order is

X;I?U(‘L 0; po) = Brpo — B%Pqu +O(pd, paW?). (121)

In equilibrium, the static density susceptibility satisfies
Xh7(q,0) = BrpoS(q), where S(q) is the static structure
factor. The low-density Mayer expansion gives S(q) =
L+ pofarg +O(p2), with far(r) = e PTW () — 1. For weak
W, fmg = —BrWe+O(W?), which reproduces Eq. (121).

3. Internal-state interactions

The internal-state term retained in the general deriva-
tion can, for example, represent a deterministic pair
torque when s, contains an angle 6,:

Aa<—bf == *69(, [Q(u—b.ﬂ .

Here Q4. 4 is the angular velocity induced by particle b on
particle a. Periodicity in 8, makes its integral vanish, as
required in the reduction above. Such terms include pair
alignment and nonreciprocal angular couplings [109-113].
They are excluded only in the weak positional-potential
example; the preceding pair construction retains them
subject to the homogeneous reference-state assumption
used above.

(122)

Appendix J: Numerical Methods and Simulations

This appendix describes the numerical evaluation of
the weak-potential theory and the particle simulations
used in the main text.

1. Numerical evaluation of the weak-potential
theory

The d = 1 RTP response is evaluated from the re-
sult in Appendix A. The AOUP response is obtained by
adaptive quadrature of its active-displacement ISF over
the semi-infinite time interval. For ABPs, the response is
evaluated with the backward continued fraction in Ap-
pendix B. We use angular truncation l,,,x = 50 through-
out.

Probe observables are obtained from the Fourier-space
integrals in Appendix E. The density field in Fig. 5 is ob-
tained by inverse Fourier transformation after subtract-
ing the V' = 0 response.

For anisotropic probes, the corresponding Fourier-
space interaction is used in the same force integral. Ellip-
tical force-balance branches are obtained from the force
along the principal axes, while fourfold moving states are
obtained from the full two-dimensional force and classi-
fied from its Jacobian.

The truncation order, quadrature resolution, and inte-
gration cutoffs are chosen such that the relative changes
in the reported observables are below 1076.
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2. Particle simulations

Simulations use dimensionless units with ¢ = vy =
uw=1e=0.2, and D; = 0. The simulations evolve non-
interacting bath particles in a periodic box using Eq. (4).
Particle positions are advanced with an Euler—-Maruyama
time step At = 0.01. In the two-dimensional ABP simula-
tions, the orientation angle is advanced over the same At
according to rotational diffusion. For the one-dimensional
RTP, the propulsion sign is updated with the finite-
step probability paip = [1 — exp(—At/7)]/2. The AOUP
propulsion velocity is integrated with the same time step.

Unless stated otherwise, the system size and number of
bath particles are fixed throughout the paper, with N =
poL?: (L,N) = (32,107) for the one-dimensional RTP
and (L, N) = (16,107) for the two-dimensional ABP and
AOUP.

For imposed-velocity simulations, the probe position
is prescribed and the bath force is obtained by summing
the microscopic probe forces over all particles. Force mea-
surements are averaged over the stationary measurement
interval. The density field in Fig. 5 is measured in the
probe frame using the same stationary sampling inter-
val.

For freely translating probes, Eq. (4) and the probe dy-
namics in Eq. (F24) are integrated simultaneously, with
the imposed velocity in Eq. (4) replaced by the instanta-
neous probe velocity. We set M = poM with M = 10 to
suppress finite-density fluctuations while preserving the
deterministic probe dynamics. We set (; = 0 and include
no independent noise or propulsion of the probe. For the
anisotropic probes, the probe orientation is held fixed.

Appendix K: Description of supplemental movies

L=16,v9 =1, pu=1, D, =0, e = 0.2 are used in
simulation for all supplemental movies.

e Supplemental Movie 1: Spontaneous motion of two-
dimensional circular Gaussian probe in ABP bath.
The background shows the normalized density field
difference Ap(r, V)/po = [psum(x, V) — p(r,0)])/p0,
where p(r, 0) is the stationary reference density cal-
culated for the same probe at (V' = 0). Simulation
parameters are N = 5 x 107, T = 2.5, and M = 10.

e Supplemental Movie 2: Spontaneous motion of two-
dimensional elliptical Gaussian probe in ABP bath.
Simulation parameters are N = 107, I'y=16, A=
2,a, =1, and M = 10.

e Supplemental Movie 3: Directional selection of two-
dimensional fourfold Gaussian probe in ABP bath
in probe frame. Initially, the fourfold probe has ve-
locity v, (0) = v,(0) = 0.5, which is approximately
the steady velocity at 8 = 2. In the time interval
[t1, t2] = [10000,20000], 8 is changed linearly from



8 = 2 to f = 4. After this protocol, the veloc-
ity relaxes toward the new fixed point (see Fig. 8).
Simulation parameters are N = 107, T =6,a=1,
and M =5.

e Supplemental Movie 4: Emergence of spontaneous
motion of two-dimensional fourfold Gaussian probe
in ABP bath. The dashed lines are visual guides
indicating that the four Gaussian lobes form a sin-
gle connected probe: they do not contribute to the
probe dynamics. Simulation parameters are N =
105, T'=6,83=2,a=1,and M = 10.

e Supplemental Movie 5: Emergence of spontaneous
motion of two-dimensional fourfold Gaussian probe
in ABP bath. The dashed lines are visual guides

27

indicating that the four Gaussian lobes form a sin-
gle connected probe: they do not contribute to the
probe dynamics. Simulation parameters are N =
105, T'=6,3=4,a=1,and M = 10.

Appendix L: Use of Generative Al

ChatGPT (GPT-5.6, OpenAl) was used during the re-
search and verification process to assist in identifying
relevant literature and exploring and checking analyti-
cal calculations. All arguments, calculations, and cited
sources included in the manuscript were independently
verified by the authors. ChatGPT was also used for light
editing, including grammar, wording, and language pol-
ishing.
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