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I. PHASE DIAGRAM AND CLASSIFICATION

This section provides supplementary details for the mi-
croscopic phase behavior summarized in Fig. 1(m) of
the main text. We first present additional representa-
tive late-time snapshots across the (J, J_) plane and fix
the terminology used for the observed states. We then
describe the operational criteria used to assign each pa-
rameter point in the phase diagram. Finally, we explain
how the mean-field exceptional line shown in Fig. 1(m)
is obtained in the normalization convention of our micro-
scopic model.

A. Phases and representative snapshots

Figure[I] collects additional late-time microscopic snap-
shots across the (Jy, J_) plane. In the data shown here,
we restrict attention to the half-plane J_ > 0, where
species A tends to align with B, while species B tends
to anti-align with A. The observed behaviors can be or-
ganized into five representative late-time states: two ho-
mogeneous ordered states, two inhomogeneous ordered
states, and a chaotic state.

The homogeneous ordered states are the parallel-
flocking (PF) and antiparallel-flocking (AF) phases. In
both cases, the two species remain spatially well mixed,
and the density field stays nearly uniform apart from
weak fluctuations. The distinction between them lies pri-
marily in the relative orientation of the global polariza-
tions: in the PF state the two species move in the same
direction, whereas in the AF state they move in oppo-
site directions. For fixed positive J_, these homogeneous
states are found at sufficiently large |J|, with PF and
AF located on opposite sides of the phase diagram.

The inhomogeneous ordered states are the species-
separated PF band and longitudinal AP lane sectors. In
the PF band sector, the two species remain globally par-
allel but segregate into a banded configuration in which A
species forms a much more compact band than B species,
producing a density modulation transverse to the mean
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FIG. 1. Representative late-time snapshots across the (J4, J-) plane at T = 0.1, pa = pp = 3 and L = 256. Each panel shows
the coarse-grained density field together with the instantaneous global polarizations of the two species.

propagation direction. In the AF lane sector, the two
species move antiparallel and organize into a longitudi-
nal lane structure in which B species forms a dense lane
against a more diffuse background of the A species, yield-
ing density modulations parallel to the mean propagation
direction. Along a cut at fixed J_ > 0, these structured
sectors appear at intermediate values of J, between the
homogeneous PF/AF states at large |J4| and the more
irregular regime near J; = 0.

Between these ordered sectors lies a chaotic regime
characterized by strong spatial heterogeneity, local
species segregation, and persistent temporal fluctua-
tions. These states do not relax into either homogeneous
PF/AF order or a stable banded/lane structure, but in-
stead remain dynamically disordered at late times. This
regime is concentrated where |J| < J_, most promi-
nently near the antisymmetric line J; =0 for J_ > 0.

A comparison with the weakly non-reciprocal mixtures
studied by Myin and Mahault [I] suggests that all of
the main late-time states observed here have qualitative
counterparts in their phase diagram: homogeneous PF
and AF states, a demixed PF state corresponding to their
single-band regime, an AF laning regime, and a chaotic
regime. The coexistence-band states reported there but
not resolved in our present parameter range appear near
the onset of order. This likely reflects the different pa-
rameter scans used in the two works. Our phase dia-
gram is constructed at fixed low noise while scanning
the (J4,J_) plane in a parameter range with already

robust intra-species ordering, so that we predominantly
probe states well inside the ordered regime. By contrast,
Ref. [I] organizes its phase diagram in the nonreciprocity-
noise plane and therefore resolves coexistence-band states
specifically in the near-threshold region where order first
emerges.

B. Phase classification

To classify each point in the phase diagram, we use
two late-time observables: one characterizing the relative
orientation of the global polarizations of the two species,
and the other characterizing the degree of species segre-
gation in the coarse-grained density field.

The relative alignment of the two species is quantified
by

C=Vy Vg, (1)

where V4 and Vg are the species-resolved averages of the
microscopic heading vectors u; = (cos#;,sin6;) for par-
ticles of species A and B, respectively. After discarding
the transient part of the trajectory, we characterize the
asymptotic state by the late-time average C. Positive C'
indicates parallel collective motion, whereas negative C'
indicates antiparallel collective motion.

To quantify species segregation, we examine the
coarse-grained density field. Writing the coarse-grained



particle densities of the two species as pa(r) and pp(r),
with r running over coarse-graining boxes of size 1 x 1
we define

)

Ni = [{r: +(pa(r) — ps(r)) > 0}|. (2)

Thus, N4 and N_ count the boxes locally dominated by
species A and B, respectively. For phase classification
we use the corresponding late-time averages, denoted by
Ni. A pronounced imbalance between N, and N_ serves
as a practical indicator of species segregation, whereas
comparable values indicate that the two species remain
more uniformly mixed.

The phase assignment used for Fig. 1(m) in the main
text is implemented in two steps. We first use C to de-
termine whether the late-time state exhibits global PF
or AF order. States with C' > Cy;, are assigned to the
PF sector, whereas states with C' < —C}y, are assigned to
the AF sector. If |C] < Cyp, the state is not regarded as
globally ordered and is assigned to the chaotic regime.

We then use the segregation measure to distinguish
homogeneous and structured states within the ordered
PF and AF sectors. This second step is motivated by
the late-time snapshots: in the structured sectors, one
species typically forms a relatively compact band or lane,
while the other remains distributed more diffusely in the
surrounding background. The relative magnitude of N
and N_ provides a simple proxy for this asymmetry in
spatial localization.

Within the PF sector, a state is classified as a species-
separated band state if N_ > Ry, N, and as homoge-
neous PF otherwise. This criterion selects PF states in
which B species is much more strongly concentrated into
a transverse band than A species. Within the AF sector,
a state is classified as a AP lane state if Ny > Ry, N_,
and as homogeneous AF otherwise. This criterion like-
wise selects AF states in which A species forms a pro-
nounced longitudinal lane against a more diffuse back-
ground of B species.

In practice, we use Cip, = 0.5, Ry, = 3. This classifica-
tion thresholds are heuristic and chosen to reproduce the
visually identified late-time states.

C. Comparison with the mean-field exceptional line

The thick line in Fig. 1(m) shows the exceptional
transition line obtained from the spatially homogeneous
mean-field dynamics. Because the derivation closely fol-
lows that of Ref. [2], we summarize here only the modi-
fication specific to our microscopic model.

In our model, each alignment interaction is normalized
by the local number of neighbors N/*. Under the ho-
mogeneous mean-field assumption, spatial gradients are
neglected and the coarse-grained polarization fields are
taken to be uniform, so that

N ~ p,mR?. (3)

This neighbor factor then cancels between numerator and
denominator, so that the homogeneous dynamics is gov-
erned directly by the bare couplings J,;, rather than by
the combinations ju,pp appearing in Ref. [2]. Equiva-
lently, the mean-field equations retain the same algebraic
structure as in the reference theory under the replace-
ment

Jabpb = Jab- (4)

With this replacement, the homogeneous dynamics can
be written in terms of the nonlinear matrix

o (WS4 Jas
W(] - (JBA Wg3> 9 (5)

where

1
Wy =-T+ Jaa — T [JaaPa + JapPs|,

1
Wos=—-T+Jps — oF |JpaP 4+ JesPs|.

For the case of symmetric self-couplings, we define

Wo=Wi,+ Wip, AWy =Wh, —Whp (1)

The two eigenvalues of Wy are then

- Wo £V

r
+ 2

Ao = (AW0)2 +4JapJBa. (8)

As in Ref. [2], the sign of A¢ determines the nature of
the homogeneous ordered state. When Ag > 0, the eigen-
values are real and the ordered solution is static, whereas
Ao < 0 yields a complex-conjugate pair and hence an os-
cillatory chiral state. The boundary between these two
regimes is the exceptional point, defined by

o = 0. (9)

Together, these conditions determine the exceptional
transition line plotted in Fig. 1(m), which we include
as the homogeneous mean-field reference for the onset of
oscillatory order.

II. DECAY TIME AND DROPLET-TRIGGERED
COLLAPSE

This section provides supplementary details for the de-
cay of the prepared homogeneous chiral state summa-
rized in Fig. 2(b) of the main text. We first define the
operational criterion used to extract the decay time and
present additional survival-probability data. We then in-
troduce the droplet-seeding protocol used to probe the
local fragility of the homogeneous chiral state and to es-
timate the corresponding critical radius.
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FIG. 2. (a) Distributions P(74) for increasing system size

at fixed J- = 0.2. (b) Mean decay time (74) versus L for
J- =0.2,0.3, and 0.4. The dashed horizontal lines indicate
the thermodynamic-limit timescales 7o, obtained from fits to
(1a(L)) = Too + a/L. The inset shows (14(L)) — 7.

A. Definition of the decay time

To quantify the decay of the homogeneous chiral state,
we measure an onset time 74 from trajectories initialized
in the prepared homogeneous rotating state. As in the
main text, 74 is defined as the first time at which the
initially homogeneous rotating state undergoes a local
irreversible breakdown, signaling the onset of the macro-
scopic collapse.

Operationally, we coarse-grain the system into square
boxes of linear size 4 x 4 and monitor the local species
densities p, (7, t) defined as the particle numbers in each
box divided by the box area. Let py denote the mean
density of each species in the homogeneous background.
We identify a local breakdown event whenever at least
one coarse-graining box satisfies

pA(Tat) > Rnucpou PB(T',t) < pO/Rnuca (10)
where Ry,. denotes the density threshold. To exclude
short-lived fluctuations, the threshold condition must
persist continuously for a persistence window Tpers = 10.
The decay time 7; is then defined as the first time at
which this criterion is met and remains satisfied for a du-
ration Tpers. We use Ry = 3; stricter choices do not
qualitatively change the result.

B. Size dependence of a mean decay time

The probability distributions P(74) of the decay time
are shown in Fig. [2| (a) for several values of L at fixed
J_ =0.2. As the system size increases, the distributions
narrow and shift toward a small 74 side. Figure b)
shows that the mean decay time is well described by a
finite-size scaling form

(ra(L)) = Too + T (11)

FIG. 3. Critical droplet radius for the breakdown of the homo-
geneous chiral state. (a) Survival probability Ps as a function
of the droplet radius r4 for several system sizes; the dashed
line marks the characteristic radius r.. (b) Characteristic
radius 7. as a function of J_ at fixed T'= 0.2. (¢) Character-
istic radius r. as a function of the noise strength 7' at fixed
J_ =0.2.

with a finite decay time in the thermodynamic limit. This
result allows us to interpret that the homogeneous chiral
state is destabilized by an finite length instability with a
finite thermodynamic-limit timescale.

C. Droplet-seeding protocol and critical radius

To probe the local fragility of the homogeneous chi-
ral state, we seed a circular droplet of radius 74 inside a
prepared homogeneous rotating background. The back-
ground state is initialized with a relative phase shift
A¢ = 5 between the two species. Inside the seeded
droplet, the densities of both species are increased by
a factor of five relative to the homogeneous background,
and the local polarization of both species is rotated by
.

After this local perturbation is imposed, the dynamics
is resumed and monitored for a fixed observation time
Tm = 100, chosen to be shorter than the spontaneous
breakdown timescale 7. A seeded run is classified as
surviving if no onset event, according to the criterion de-
fined above, is detected during the interval [0, 7,,]. Oth-
erwise it is classified as failed. The corresponding survival
probability Ps(r4) is the fraction of seeded runs that sur-
vive up to time 7,,.

As shown in Fig.[3|(a), Ps(rq) exhibits a sharp crossover
as a function of the droplet radius, which allows us to de-
fine a characteristic radius r.. Droplets with r4 < r. typi-
cally shrink and disappear, whereas droplets with r4 > r,
trigger the same spatially heterogeneous chiral state seen
in spontaneous breakdown events. The characteristic ra-
dius remains finite as the system size is increased from
L =128 to 512.

Panels (b) and (c) show that r. decreases with increas-
ing nonreciprocity J_ and increases with increasing noise
strength T, respectively. Thus stronger non-reciprocal
rotation makes the homogeneous chiral state more locally
fragile, whereas noise suppresses the growth of seeded
defects and increases the perturbation size required to



trigger collapse.

The characteristic radius r. should not be interpreted
as a thermodynamic nucleation barrier of a metastable
phase. Rather, it is the minimal local perturbation size
required to bypass the slow linear growth of the finite
length scale instability and directly seed the nonlinear de-
fect structures that destroy the homogeneous chiral back-
ground. In this sense, r. may be viewed as an estimate of
the characteristic size beyond which the unstable finite-
wavelength mode can directly trigger the breakdown of
the chiral rotating state through a local perturbation.

III. GLOBAL CHIRALITY AND FINITE-SIZE
SCALING

This section provides supplementary details for the
global chirality analysis. We first define the global chiral-
ity used throughout the microscopic analysis. We then
present additional finite-size scaling data that support
the collapse shown in Fig. 2(c). Finally, we give a simple
geometric estimate for the crossover scale.

A. Definition of the global chirality

The instantaneous global chirality is defined as the
particle-averaged angular velocity,

1 N
X(t) = 5 Soxilt) (12)

with
Jsia .
xit)= o > sin(0;(t) — 0:(t)).  (13)
a€{A,B} ~t jeN®

Thus, x(t) measures the instantaneous collective rotation
rate of the system. Long-time averages are denoted by
an overbar, X, in order to avoid confusion with the angle
brackets used elsewhere for spatial averages.

B. Additional finite-size scaling results

Figure [4] provides additional finite-size scaling results
for the global chirality. For each run, |x| is obtained by
averaging |x(t)| over a late-time window after discarding
the initial transient. o

Panel (a) shows the system-size dependence of |y| for
several values of J_. For all couplings shown, the long-
time chirality decreases systematically with increasing
system size. At large L, the data are broadly consistent
with the scaling |y| ~ L™!, as indicated by the dashed
guide line. At fixed L, increasing J_ yields a larger chi-
rality, while decreasing J_ shifts the crossover to larger
system sizes.
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FIG. 4. Additional finite-size scaling results for the global
chirality at fixed self-propulsion speed vo = 5. (a) Long-time
average m as a function of the system size L. The dashed
line indicates the guide-to-the-eye scaling |x| ~ L™'. (b)
Rescaled plot of [x|/J— versus LJ_ for the same data. The
approximate collapse is consistent with the finite-size scaling
form |x| = J-X(LJ-) at fixed vg. In the main text, this
collapse is generalized to the scaling variable LJ_ /vy when
data with different self-propulsion speeds are combined.

Panel (b) replots the same data in the rescaled form
Ix|/J- as afunction of LJ_. At fixed vy, the approximate
collapse onto a single master curve is consistent with the
scaling form

Ix| = J_X(LJ.). (14)

In the small-LJ_ regime, the rescaled chirality remains
of order unity, consistent with an almost homogeneous
rotating state. In the large-L.J_ regime, the data cross
over toward the asymptotic decay

IxI -
=~ (LJ_)"". 15
(s (15)
When data at different self-propulsion speeds are
combined, the corresponding scaling variable becomes
LJ_ /vy, as discussed in the main text.

C. Geometric estimate of the crossover scale

To motivate the crossover scale, we consider an ide-
alized homogeneous rotating state on the antisymmetric
line Jy = 0, represented by one particle of each species
starting from the same position with a constant phase
lag

Ap=0p—0y4. (16)

In a spatially homogeneous state, the same-species con-
tributions vanish identically, so the deterministic angular
dynamics reduces to

éA = JAB SinAgb, éB = _JBA sinAd). (17)
For Jy =0, one has

Jap =J_, Jga=—J_, (18)



and therefore
0r=0p=w, w=.J_ sinAg¢. (19)

The phase lag A¢ is then constant, and both particles
execute uniform circular motion with the same angular
frequency w.

The corresponding rotation radius is

YT W] T [J_sinAgl

Choosing the initial conditions
04(0) =0, 6p(0)=A¢, 7a(0)=7rp(0)=0, (21)

the particle trajectories can be written conveniently in
complex notation, z = = + iy, as

za(t) = %(em —-1), =zp(t)= ;—iem¢ (e —1). (22)

(20)

Their relative displacement is therefore
Yo (i iw
2p(t) — 2a(t) = i(e A1) (et —1), (23)

which gives

d(t) = |ZB (t) - ZA(t)| = 4rot

. Ag
S B

wt
in—|. (24
sm2’ (24)

The maximal separation attainable during the orbit is
thus

dmax (A(b) = 4Tr0t (25)

A0
sm2 .

For the prepared homogeneous rotating state used in
the stability measurements, the phase lag is

™

Aj=T. (26)
and the maximal separation becomes
dmax = 2V 2701 (27)
This directly yields the geometric estimate
Le ~ 2V/2r 4. (28)

More generally, the numerical prefactor depends on the
phase lag through dpyax(A¢) = 47,0t | sin(A¢/2)], so 2v/2
is not universal. Nevertheless, the crossover remains con-
trolled by the orbit size of the ideal homogeneous rotating
state, which explains why the finite-size scaling is natu-
rally organized by the ratio of the system size to the
intrinsic rotation scale.

IV. STRUCTURE OF THE CHAOTIC STATE

This section collects the definitions and supplemen-
tary results underlying the characterization of the large-
system chaotic state discussed in the main text. We first
define the coarse-grained observables and then present
the species-resolved real-space correlations and velocity
spectra summarized in Fig.
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FIG. 5. Species-resolved structural observables in the chaotic
regime. (a) Correlations of the coarse-grained chirality field
for the three channels (a,8) = (A, A),(4,B),(B,B). (b)
Correlations of the coarse-grained particle-number field for
the same three channels. (c) Species-resolved velocity spec-
tra Fq(q) obtained from the density-weighted coarse-grained
velocity fields. The reference slopes ¢ %% and ¢~ are shown
for comparison only. Parameters: J_ = 0.2 and L = 1024.

A. Coarse-grained fields

To characterize the chaotic state, we partition the sys-
tem into square boxes of linear size 1 x 1 and construct
species-resolved coarse-grained fields on this grid. For
each species a € {A, B}, we define the coarse-grained
particle-number field p,(7,t) as the number of particles
of species a contained in the box centered at r. Since
the box size is unity, this coincides numerically with the
corresponding coarse-grained density.

Using the same coarse-graining procedure, we define
the coarse-grained chirality field x,(7,t) as the sum of
the single-particle chiralities over all particles of species
« in the same box. Likewise, we define the coarse-grained
velocity field vo (r,t) = (vg,a(7,t), vy,a(r,t)), Where vy o
and vy o are the sums of cosf; and sin#@;, respectively,
over all particles of species « in the box. Thus, all coarse-
grained observables are constructed from the same local
box average, and both y, and v, are density-weighted
fields.

B. Species-resolved real-space correlation functions
and Velocity power spectra

We quantify the real-space structure through species-
resolved disconnected correlation functions of the coarse-

grained particle-number and chirality fields. For X €
{p, x}, we define
Xo(ro,t) Xg(rg +r,t .
C;ﬁ(T):< (ro, 1) X(ro )>rw’ (29)

I

where (---)p, » denotes averaging over the box origin rg
and over the directions of r at fixed r = |r|. The factor
p? is included only as a common normalization.

To characterize the same state in Fourier space, we
measure species-resolved velocity power spectra from the



coarse-grained velocity fields. For each snapshot, we
compute the two-dimensional discrete Fourier transform
Vo (q,t) = (1A1$7a(q,t),{)yﬂ(q,t))7 with the convention

. 1 —ig-
U,u,a(qat) = ﬁ Zvﬂ,a(Tvt)e 4 7‘7 ne {LU, y}a (30)
r

on the coarse-grained grid. The corresponding two-
dimensional velocity power spectral density is then

1 R ~
EZP(qt) = 5 ([0wa(@, D + [0ya(g. 7). (31)

We then time-average E&QD)(q, t) in the stationary
regime and perform radial binning in wave-number space
to obtain the one-dimensional spectrum E, (¢q) with ¢ =
|g|. Because the coarse-grained velocity field is density
weighted, the spectra probe both orientational coherence
and density modulation.

C. Characteristics of the chaotic state

The chirality correlations C2#(r) in Fig. [5(a) decay
rapidly with distance in all channels, confirming the
absence of long-range chiral order in the broken state.
By contrast, the particle-number correlations Cg‘ﬁ (r) in
Fig. f|(b) remain strongly channel dependent: the intra-
species correlations exhibit a pronounced short-range en-
hancement, while the inter-species correlation is sup-
pressed at short distances. This difference reflects the
tendency of the chaotic state to form locally species-
segregated clustered structures.

The velocity spectra shown in Fig. C) are broadly
distributed in wave number for both species and do not
exhibit a sharp selected peak. The reference slopes ¢~/3
and ¢ are included only for comparison: the former as
the canonical benchmark from classical turbulence [3], 4],
and the latter as a guide to the steeper decay visible
in the present data. The spectra do not display a clear
power-law regime over an extended wave-number range,
but they remain broad, reminiscent of the broad spectra
often reported in active turbulence [5l [6].

Taken together, these results show that the large-
system steady state combines short-ranged chiral corre-
lations, channel-dependent clustered density structure,
and broad spectral support, consistent with a spatially
extended chaotic regime [7].

V. COMPARISON WITH FRUCHART ET AL.

This section clarifies the normalization convention used
in the microscopic dynamics and its relation to the finite-
size scaling. We first compare the normalized torque con-
vention adopted in this work with the unnormalized con-
vention used in Ref. [2], and show how the corresponding
scaling variable is modified. We then revisit the param-
eter choice used in Ref. [2] in our notation.

A. Normalization convention in the torque term

In the microscopic model used in the main text, the
alignment torque generated by neighbors of each species
is normalized separately by the local neighbor number
N{. This yields the angular dynamics

b= S ST singe; -0+ VATE(®). (32)

a
ac{A,B} ' jeNP

This convention avoids an artificial mixing of couplings:
if the torque were normalized by the total number of
neighbors across both species, then the interaction with
one species would depend implicitly on the local density
of the other, even when the corresponding coupling van-
ishes.

For comparison, we also checked the unnormalized
variant used in Ref. [2],

0i =Y Jus,sin(0; — 0;) + V2T&(t),  (33)

JEN;

where the torque is not divided by the local neighbor
number. In this convention, the characteristic angular-
velocity scale is proportional not only to the coupling but
also to the typical number of interacting neighbors, and
therefore acquires an additional factor of order pomR?,
with pg = pa = pp. Correspondingly, the natural finite-
size scaling variable is controlled by

Lpo?TRQ‘J_|’ (34)
Vo
rather than by L|J_|/vy alone.

Consistent with this expectation, the finite-size scaling
of the global chirality remains qualitatively similar in the
unnormalized model, but the rescaled variables acquire
an additional geometric factor. Figure [f] shows the cor-
responding scaling plots. Here R = 1, so the geometric
factor reduces to pom. At fixed vg, po, and R, the data
are reasonably organized by L.J_, as shown in Fig. [6[a).
A broader collapse across different self-propulsion speeds
is obtained by using the variable LpgwJ_/vg, as shown
in Fig. [f[b). The collapse is less accurate than in the
normalized convention used in the main text, especially
at small vg, but the same qualitative conclusion holds:
the global chirality decreases systematically with system
size, and the apparently homogeneous chiral state be-
comes unstable in the thermodynamic limit.

B. Revisiting the parameter choice used by
Fruchart et al.

This distinction is especially important when com-
paring our results with the microscopic simulations of
Fruchart et al. [2], where the unnormalized convention
of Eq. was used. In their supplemental material,
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FIG. 6. Finite-size scaling of the global chirality in the unnor-
malized microscopic convention of Eq. (33). (a) [x|/J- versus
LJ_ at fixed vo = 1. (b) |x|/(powJ-) versus LpomJ_ /vy for
several values of vg.

the representative parameter choice illustrating a micro-
scopic homogeneous chiral phase corresponds, in the no-
tation of the present work, to

1
Ly=Ly,=8R=21= §,PA:PB:4,T:0-O2,

with interaction matrix

g (039 —0.0975
af=10.0975 0.39

To compare this parameter set directly with the one
used in the main text, we rescale space and time accord-
ing to

7 =lr,t=ut, (35)

so that the equations of motion preserve their form pro-
vided

L=IL,R=IR, v, = ivo,
(36)
~ Pa 4 T - Ja,é’
w= 02T =2 Jp=2f
P l u " u
Choosing
1 1 2vg
=R R (37)

gives the rescaled parameters
1
Ly=Ly=4R=1,v = 5PA=pB = 16,7 = 0.04,
and
T = 0.78 —0.195
@ = 10195 0.78 )
In our notation, this corresponds to

J.=0,J_ = —0.195.

mean
std

0 100 200 300 400
t

FIG. 7. Global chirality for the rescaled parameter choice cor-
responding to Ref. [2] in the unnormalized microscopic con-
vention. Thin colored curves: individual realizations. Thick
black curve: ensemble mean. Shaded region: standard devia-
tion.

Thus, up to the sign convention fixed by the species la-
beling, this parameter choice lies exactly on the purely
antisymmetric line discussed in the main text.

In the unnormalized convention of Eq. , the rele-
vant finite-size variable is enhanced by the typical num-
ber of interacting neighbors. For the rescaled parameter
set above, one finds

Lpom|J_| 4 x16 x m x 0.195
Vo B 0.5

~ 78.4,

which is far larger than the geometric crossover value
2v/2 ~ 2.83. Equivalently, although L = 4, the rotation
radius in the unnormalized convention is much smaller
than the box size, so L/ryo > 1.

For this rescaled parameter choice, we measure the
global chirality as the particle-averaged deterministic an-
gular velocity

N
X = % S Jae sin(0; — 6:), (38)

with the noise term excluded. Figure [7] shows the corre-
sponding time evolution of x(t). The thin colored curves
denote individual realizations, while the thick black curve
and shaded region show the ensemble mean and stan-
dard deviation obtained from 800 independent simula-
tion runs. Although the chirality remains finite for a
substantial transient, the ensemble mean decreases over
time and the fluctuations broaden, indicating that even
this parameter regime does not support a stable homo-
geneous rotating state.

The observation window used in Ref. [2] is finite ¢ < 40,
and therefore probes only the transient regime. Thus,
even for the parameter regime originally used to illus-
trate microscopic chiral order, the chiral state is better
interpreted as a long-lived but finite-size transient.



VI. NUMERICAL INTEGRATION

For the microscopic model, the stochastic equations
of motion are integrated using the Euler-Maruyama
method. The integration time step is set to At = 0.1
throughout, except for the unnormalized microscopic
convention of Eq. , where we use At = 0.01. We
also verified that using even smaller time steps yields al-
most identical results, confirming that our observations
are numerically stable and robust against the choice of
temporal discretization.

VII. BOLTZMANN KINETIC THEORY FOR
THE TWO-SPECIES NON-RECIPROCAL
VICSEK MODEL

This section provides the kinetic description used in
the main text to connect the microscopic non-reciprocal
Vicsek dynamics to a continuum theory that still retains
the orientational dynamics explicitly. Our starting point
is a dilute two-species Vicsek-type model with constant
self-propulsion speed vy, binary alignment interactions,
and angular noise. The kinetic theory follows the stan-
dard Boltzmann logic developed for aligning active parti-
cles [8, @], with nonreciprocity encoded through species-
dependent scattering rules and collision rates.

A. One-particle distribution and Boltzmann
equation

For each species a € {A,B}, we introduce a
one-particle distribution function f(r,0,t) such that
f(r,0,t)d*rdd is the expected number of particles of
species « in the phase-space element (r,r +dr) x (6,60 +

J

df) at time t. Between interaction events, particles
move ballistically with velocity vpé(#), where é(0) =
(cosf,sinf).

Under the assumptions of dilute binary collisions and
molecular chaos, the distribution obeys

O f +u0e(0) VI = Lalf*1+ Y Teanlf®. 7). (39)

Be{A,B}

Here I4 describes angular self-diffusion and I.o;; binary
alignment interactions between species o and .

We model self-diffusion as a Poisson process of rate
A in which a particle changes its orientation by a ran-
dom increment drawn from a wrapped Gaussian P,(¢)
of variance 7?2,

La[f](r,0,t) = =Af(r,0,t)+A ' do' f(r,0',t)P,(0—0").

. (40)
The wrapped Gaussian is

1 = (¢ — 27rm)2}
The collision term is written in gain—loss form. Con-
sider a particle of species « with pre-collision angle 6
interacting with a particle of species 8 at angle 05, and
define the relative angle ¢ = 3 — 61 € (—m,7]. A colli-
sion occurs with rate K%(6y,6,), and the post-collision
orientation of the first particle is taken to be

0 =01+ H"(¢)+¢&,
where H*3(¢) is the deterministic scattering angle and

¢ is an independent random increment drawn from P,.
With these conventions,

Teon[f, fP)(r,0,t) = — f(r,0,1) " dO'KP(0,0")f5 (r, 0, t)

+/ d01/ A2 f (7,01, ) 2 (7,02, t) K (01,02) P, (0 — 61 — H* (05 — 61)).

For metric interactions with species-dependent cross
section 2r( A , the scattering rate is the product of cross
section and relative speed. Since all particles move at
speed vg,

KP(0y,05) =2r5Pvg |€(05) — é(61)]

o(3)

Nonreciprocity enters through the species dependence
of both 7“8‘5 and the scattering rule H%?(¢). In the model
studied here, all interactions are polar-aligning except

43
:47‘36’00 ( )

(42)

(

the asymmetric interspecies channel in which species B
tends to anti-align with A, whereas species A aligns with
B. We therefore choose

HA((;&);W, a=B, f=A4,

H(9) = ?
: o
o otherwise.
(44)
with the (mod 27) convention chosen such that H4(¢) €
[-7/2,7/2] for ¢ € (—m, 7).

HY(¢) =



B. Nondimensionalization and angular Fourier
decomposition

It is convenient to rescale time by A~1, length by vg/A,
and density by the mean total density py. Writing t= M,
7 = (A vo)r, and f* = f%/pg, Eq. (39) keeps its form
with vg = A = pp = 1. In the following we drop tildes
and work in these dimensionless units.

In two dimensions we use complex coordinates z =
z+iy and z* = x — iy, with derivatives 0, = (0, —i0,)/2
and 0.« = (0, + 10y)/2, so that

é0) -V =¢e"%0, +e7,.. (45)

We then expand the one-particle distribution in angu-
lar Fourier modes,

fa(r,ﬁ,t):% i Fer e ™. (46)

k=—oc0

Since f* is real, the modes satisfy f®, = (f2)*. The
monopole f§ is the density field p, while the dipole f* =
mg + imy is the complex polarization field.

Projecting Eq. onto the angular harmonics yields
a coupled hierarchy for the modes. The self-diffusion
operator is diagonal in Fourier space,

/ " 0 L] = —(1 — P e (47)

with

s

P =

A6P,(8)e™ = exp (—”22’“2) |

—T

Writing the collision rate in terms of the dimensionless
coupling

aff
B () = 2 |sin (£ ag _ 2o Povo
K (¢) = 2rk™” |sin (2> ‘ , K p (48)

the mode hierarchy becomes

atfl? + (32*](,?,1 + azf]?+1)

-+ S wetat g )
B l=—oc0
The coefficients are
I = PLy — I, (50)
with
oo " dg |sin exp [ikH*P (¢) — i
k.l p [Z (¢) Zl(ﬂa (51)
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For integer m, the latter evaluates to
4
T 1—4m?
For the forward-aligning channel HY(¢) = ¢/2 one
obtains

I (53)

Li,l = Iy/2-1, (54)

whereas for the asymmetric anti-aligning channel one

finds

4
()" 75 k= 2m,
L}, = 1—(k—21)? (55)

(71)mﬂ. ((;l,m - 5l,m+1) > k=2m+ 1.

The channel dependence can be summarized as

Ly, LY
Ly — ( Je,l k,l) ’ (56)

A JF
Ly Ly,

where the species ordering is (4, B).

In the notation used in the main text, we fix the in-
traspecies couplings to k44 = kBB = k; and take sym-
metric interspecies collision rates k4% = kB4 = K, so
that the nonreciprocity is carried entirely by the asym-
metric scattering rule.

Equation preserves global rotational invariance.
Under 6 — 6 + 0 one has f;' — etkbo fi, while z — eifoz
and z* — e~ 2* which leaves the hierarchy invariant.
In numerical implementations, the infinite hierarchy of
angular modes must nevertheless be truncated at a finite
order. We therefore set f& = 0 for |k| > k,,, with the
specific choice of k;, reported in Sec. [KXI]

C. Linear stability of the spatially homogeneous
disordered state

To determine the onset of homogeneous chiral order,
we first analyze the stability of the spatially homogeneous
disordered state,

f]? - 516,0,

for both species. Neglecting spatial gradients and per-
turbing the disordered state as

[ =0ko+ (1 —dro)er, lep] <1,

we substitute into Eq. and keep only linear terms.
This gives

ér = —(1-Pp)er+ Z kP (Jage‘,j + Jgieg)—i—(’)(g).
Be{A,B}
(57)
Each angular harmonic therefore decouples, and for every
k > 1 the problem reduces to a 2 x 2 linear system,

oy oy
at 6B = Mk 6B ) (58)
k k

where
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FIG. 8. Spatially homogeneous dynamics of the truncated
Boltzmann hierarchy and comparison with linear stability. (a)
Representative time series of the polarization mode fi*(¢) in
the spatially homogeneous truncated hierarchy (k. = 50) at
ko = 0.5, k = 0.1, and n = 0.3. (b) Steady-state polarization
magnitude |fi*|. (c) Mean chirality x = 27/7. The white
dashed lines mark the linear-stability boundary of the disor-
dered state determined by the condition a; = 0 for the k =1
eigenvalue of M.
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FIG. 9. Eigenvalues of the linearized matrix M; for the first
harmonic. (a) Real and imaginary parts, a1 and b1, as func-
tions of the interspecies coupling . (b) a1 and b as functions
of the noise amplitude 7. The sign change of a; determines
the stability boundary of the disordered state, while by fixes
the rotation rate at onset and depends primarily on the non-
reciprocal coupling.

Because My, is real, its eigenvalues appear in complex-
conjugate pairs, )\i = ay, *+ ibg. The first harmonic k = 1
governs the onset of the homogeneous chiral dynamics:
the real part a; determines the stability threshold of the
disordered state, while the imaginary part b; sets the
rotation frequency at onset.

As shown in Fig. (a), the spatially homogeneous trun-
cated hierarchy reproduces a chiral rotating state in
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/QABJ,Q,CB

. 59
Pk1+HBBJ£§+HBBJ£E+HBAJ56“> (59)

(

which the complex polarization approaches a stable limit
cycle with well-defined period 7. Figures [§(b) and (c)
show the corresponding phase diagrams for the steady-
state polarization magnitude and the mean chirality in
the (k,n) plane. The dashed white curves agree with the
onset condition a; = 0 obtained from the linear stability
analysis of the disordered state.

Figure [9] provides the complementary view in terms of
the eigenvalues of M. Increasing k drives a; through
zero into the unstable regime, while b; grows approxi-
mately linearly with s, consistent with the observed de-
pendence of the rotation rate on nonreciprocity. In con-
trast, increasing the noise n primarily lowers ai, stabi-
lizing the disordered state, while leaving b; only weakly
affected.

VIII. FLOQUET STABILITY ANALYSIS BY

POWER ITERATION

In this section, we explain the iterative Floquet power
method leading to the Floquet exponents shown in
Fig. 4(a) in the main text. First, we present nu-
merical evidence that an inhomogeneous perturbation
breaks the homogeneous time-periodic chiral state in
Sec. [VIITA] Then, we introduce a Floquet analysis
method which is suitable for a stability analysis of time-
periodic states [I0]. The numerical analysis from the
Floquet analysis reveals a mode-selection mechanism for
instability, which is presented in the main text.

A. Instability against position-dependent

perturbation

Figure presents the time evolution of the homoge-
neous chiral state perturbed with a r-dependent noise
following the Boltzmann equation. The initially uniform
state develops spatial modulations that subsequently am-
plify and drive the system into a dynamic state with spa-
tially and temporally irregular patterns. This provides a
direct kinetic-level example of the breakdown of homo-
geneous chiral order due to spatial fluctuations.

B. Schematic description of the iterative Floquet

power method

The numerical results in Fig. [I0]establish the existence
of the breakdown in the context of the kinetic theory.
We now perform a quantitative linear stability analysis.
Since the homogeneous chiral state is time-dependent, we
adopt a Floquet method [I0] for its stability analysis.
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FIG. 10. Time evolution from a homogeneous chiral state
perturbed with a weak r-dependent noise following the ki-
netic Boltzmann equation. (a)—(c) Snapshots of the den-
sity field at successive times. The arrows in the inset in-
dicate the mean polarizations of each species. (d) Time
series of the absolute values of the mean polarization for
both species (red and blue lines) and the global chirality

X = <f{)" Im( {”‘f{’) /|ff|2> (dashed line). Parameters:
n=0.1,k=02 and L = 128.

We work in the spatial Fourier space labeled by a wave
vector g and denote the entire set of modes by F(t) =

{f,?‘ (q, t)}, where

ffm¢r=/ﬁ%ﬁ%nwaﬂ*. (60)

The Floquet analysis is performed around the homoge-
neous chiral state solution, which is obtained from the
truncated Boltzmann equation restricted to the homo-
geneous manifold. This state will be called a reference
state and denoted by Fy(t) = {fﬁo(q, t)} It is a time-
periodic state with period 7, and has support only at
q=0.

We perturb the reference state at time ¢t = 0 by as-
signing random numbers to all modes with g # 0. The
perturbed state F'(t) deviates from the reference state
Fy(t). We denote a deviation by 6F(t) = {df(t)} with
df(q,t) = f,?(q,t) - fﬁo(q,t). In short, we will write
F(t) = Fy(t) + 0F(t) or 6F(t) = F(t) — Fo(t).

The amplitude of an unstable mode grows exponen-
tially in time. However, because of the time-periodic
nature of the reference state, an exponential growth is
superimposed with a time-periodic oscillation. To get
rid of an influence from such an oscillatory behavior, we
will measure the deviation 0F(t) only at discrete times
t, = n7T, integer multiples of 7. This is the key idea
of the Floquet analysis. We also rescale the deviation
JF(t) at times t,, to keep track of unstable modes over
a long time span. The Floquet method combined with
the rescaling will be called the iterative Floquet power
method.

The Floquet power method starts by preparing for an
initial state F'(0) = Fy(0) + 6F(0), where a magnitude
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of §F(0) is set to a target value Ay, taken to be small.
A magnitude of JF will be defined in the subsequent
sections. Then, we repeat the following steps iteratively:

1. time evolution from F(t,) to F(t, ;)

2. resetting the system in the homogeneous (g = 0)
sector to the reference orbit, §f2 (g =0,t,41) =0

3. rescaling of 0F (¢, ;) to 0 F(t,+1) to make its mag-
nitude to a target value Ai,,. In this step, one
obtains a growth rate A,, over the nth cycle.

4. preparation of F(t,11) = Fo(tnt1) + 0F (tn41) for
the next iteration

Repeating this procedure yields a sequence of growth
rates {A,}, whose late-time average defines the corre-
sponding Floquet exponent. In the rescaling step, one
may rescale JF locally at each q with a different rescale
factor or globally with a common rescale factor, which re-
sults in a g-dependent Floquet exponent or a global Flo-
quet exponent, respectively. These two different methods
are explained in the following subsections.

C. Local Floquet exponent

The reference state Fy(t) has support only at g = 0.
Thus, the quadratic term in the Boltzmann equation cou-
ples a nonzero g mode only to the reference mode in the
leading linear order in Ay,,. Couplings between nonzero
g modes are quadratic in Ay,, which can be negligible in
the linear stability analysis. Consequently, we can rescale
each nonzero g mode independently to obtain the spec-
trum of Floquet exponents {A(q)}.

For a fixed nonzero wave vector g, we define the mag-
nitude of the corresponding mode as

1/2

6F(t)q = | Y [ofe(an]’| (61)
ak

Note that the modes obey the Hermitian constraint
f(—q,t) = f*:(q,t). So, we rescale the modes at ¢
and —q simultaneously as

A ar co —
5?(1(], tn+1) = %(q)ék (:I:qv tn+1) (62)

with g-dependent rescale factor

ra(@) = IO ()2 + 10F ()P (63)

The iteration yields a sequence of one-cycle growth
rates

An(q) = %m (’“2:’3) . (64)
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Local Floquet spectrum obtained via paired-local normalization. Left half: dependence on k at fixed n = 0.1. Right

half: dependence on 7 at fixed kK = 0.2. In each row, the first two panels show two-dimensional maps of the local Floquet
exponent A(q) and its standard deviation oa(q), and the rightmost panel shows the corresponding radial profiles as functions of
g = |q|. The white dashed ellipse in the two-dimensional plots and the black vertical dashed line in the radial profiles indicate
the characteristic wave number ¢,ot of the homogeneous rotating cycle.

Discarding initial transient elements, we estimate the lo-
cal Floquet exponent A(q) as the average and its statis-
tical uncertainty as the standard deviation oa(q) of the
sequence.

Figure |11| shows the resulting local Floquet spectrum.
At weak nonreciprocity, for example x = 0.10 and n =
0.1, the local exponent A(q) exhibits a narrow annulus
of unstable modes at |g| & ¢yot, where

2T
Qrot 1= 2T = ;
Trot

(65)

is a characteristic wave number of the reference state
characterized by the chirality x and the radius of a chiral
orbit ryot = vg/x with vg = 1 in the dimensionless unit.
The corresponding standard deviation remains small. In
this regime, the instability is controlled by a finite-¢ band
set by the rotation scale of the homogeneous cycle.

At intermediate nonreciprocity, around x = 0.25, the
ring near ¢,ot remains visible, but an additional unstable
branch appears at smaller g. At the same time, oa(q)
increases in the unstable region, indicating competition
between the finite-¢q ring near g.o¢ and a lower-q branch.

At stronger nonreciprocity, for example £ = 0.40, the
lower-q branch becomes dominant and the unstable re-
gion broadens. The corresponding shift toward longer
wavelengths is consistent with the broader labyrinthine
modulations that emerge in the unrestricted global power
iteration discussed below.

The 7 scan at fixed k = 0.2 shows a different trend. As
the noise amplitude is increased from n = 0.1 to 0.4, the
unstable annulus remains concentrated near a finite wave
number of order g0, while its growth rate decreases and
the unstable band narrows.

D. Global Floquet exponent

Complementary to the g-resolved Floquet spectrum
A(q), we evaluate a global Floquet exponent by adopt-
ing a rescaling method in which all modes of §F(t) are
rescaled by the same factor using a global magnitude

1/2

DRI R

a.k.q

‘5F(t)|g =

A A
— (66)
Yy

L,L

where A, and A, are the grid spacings in the 2 and y
directions, respectively (see Sec. .

For the global Floquet exponent, in each iteration, we
rescale all the nonzero g modes with 74, = [6F(t,, )[4

A ar a _
Sff (@ tagr) = =015 (g, th ) (67)
g.n
for all «, k, and nonzero q. This yields
1 T
Agpn==1 9.
gmn T . (Atar) ’ (68)

and the global Floquet exponent is given by the late-time
average Ag = (Ag n)n.

In this method, the deviation §F(t) aligns with the
most unstable mode. Numerically we confirm the relation

Ay = max A(q),

q

(69)

which provides a direct consistency check of the two
methods.
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FIG. 12. Global Floquet stability analysis of the homogeneous chiral limit cycle by power iteration for L = 256. (a) Time series
of the instantaneous global growth rate Ay, over renormalization steps n for n = 0.1. (b) and (d) Representative dominant
perturbation patterns of ;' — 6F in real space after 1000 iterations. (c) and (e) Corresponding Fourier-space patterns, shown
in a zoomed-in window defined by —7/3 < ¢, < 7/3 and —7/3 < gy < 7/3. (f) and (g) Late-time averaged global Floquet
exponent Ay as a function of k and 7, respectively. Parameters: x = 0.1 for (b) and (c), K = 0.4 for (d) and (e).

As shown in Fig. a), the instantaneous global
growth rate converges rapidly and with little residual
noise for weak to moderate nonreciprocity, but becomes
much more irregular at larger x. In particular, the it-
erations for k = 0.10 and 0.20 settle quickly to nearly
constant values, whereas x = 0.30 and 0.40 display much
stronger fluctuations over many renormalization steps.

The corresponding dominant perturbation patterns are
shown in Figs. [12[b)-(e). Accordingly, the late-time per-
turbation field selects a single leading mode, or one rep-
resentative of a symmetry-related set of equally unsta-
ble modes, from the full unstable sector. As x or 7 in-
crease, the selected mode changes in a manner consistent
with the branch competition already identified in the lo-
cal spectrum.

The late-time averaged exponent A, exhibits a pro-
nounced dip around x ~ 0.25 at fixed n = 0.1 [Fig.[12{f)].
At fixed k = 0.2, it also shows a clear dip at an inter-
mediate noise level around 7 = 0.25 [Fig. [12(g)]. These
nonsmooth features indicate a crossover between two dis-
tinct instability branches.

E. Crossover between two unstable modes

To characterize the mode selection associated with this
crossover more directly, we track the wavelength

2w

=gl (70

m
where g, is the wavevector of the dominant perturbation
peak after convergence of the global power iteration.

Figure a) shows that the selected wavelength
quickly saturates with system size for each k, indicat-
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FIG. 13. Selected wavelength ¢,, of the dominant Floquet
perturbation. (a) £, as a function of system size L at fixed
n=0.1. (b) 4, as a function of k for several values of 7. (c)
Scaled combinations x¥¢p, and k¢, versus k at fixed n = 0.1.
The horizontal dashed line marks the geometric value 2/2.

ing that it remains finite in the large-system limit. Fig-
ure (b) further shows that £, undergoes a clear jump
as a function of x, and that the location of this jump
shifts to larger x as the noise amplitude n is increased.
This behavior mirrors the dip structure already visible in
the leading global Floquet exponent.

In the weak-nonreciprocity branch, the selected wave-
length remains controlled by the same geometric scale as
the microscopic finite-size crossover. In particular, the
combination y/,, stay close to the geometric value 2v/2.
Across the branch-switching point, both scaled quanti-
ties jump upward and the simple proportionality breaks
down. The global power iteration therefore selects two
qualitatively different leading modes on the two sides of
the crossover.

This distinction is also visible in the direct time
evolution of the Boltzmann equation. The weak-
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FIG. 14. Representative time evolution from a spatially ho-
mogeneous chiral state with a weak added spatial perturba-
tion in the Boltzmann kinetic description at fixed n = 0.1 and
t = 0.4. Panels (a)—(c) show spatial snapshots at successive
times, while panel (d) shows the time series of the species
polarization magnitudes and the global chirality. Compared
with the weak-coupling case in Fig. the breakdown is ear-
lier and proceeds through broader, more labyrinthine modu-
lations.

nonreciprocity branch, illustrated by Fig. for k = 0.2
at fixed n = 0.1, develops comparatively sharp finite-
wavelength structures and localized spiral-defect-like pat-
terns. The decay of the global chirality is correspond-
ingly delayed and occurs together with the growth and
interaction of these localized structures. This weak-
nonreciprocity branch is also the one that most closely
resembles the breakdown patterns observed in the micro-
scopic simulations.

By contrast, the stronger-nonreciprocity evolution
shown in Fig. is dominated by broader long-
wavelength modulations and a more abrupt loss of chi-
rality. The resulting structures are more diffuse and
labyrinthine, consistent with the broad low-¢ unstable
band identified in the local Floquet spectrum and with
the branch switch inferred from the dip of the leading
global exponent and the jump in the selected wavelength.

These results support interpreting the transition near
intermediate k not as a gradual deformation of a single
unstable mode, but as a crossover between two quali-
tatively different unstable modes and the corresponding
nonlinear patterns they generate.

IX. LARGEST LYAPUNOV EXPONENT ON
CHAOTIC STATE

A. Measurement protocol

To characterize the chaoticity of the system, we mea-
sure the largest Lyapunov exponent using the standard
rescaling method for nearby trajectories [I1l 12]. The
numerical procedure is analogous to the global rescal-
ing protocol introduced in Sec. [VIIID] but the reference
trajectory is now a chaotic trajectory instead of the ho-

15

FIG. 15. (a) Cumulative time-averaged largest Lyapunov ex-
ponent, Arya(t), for several system sizes. (b) Core mismatch
Ecore versus time for different reore. Parameters: n = 0.1 and
k= 0.35.

mogeneous chiral limit cycle.

Starting from an initial state, the system is first
evolved until it reaches a stationary state at time t = ;.
A configuration at this moment is used as an initial con-

figuration for a base trajectory Fhase(t) = {]?,‘5‘7][)ase(q7 t)}

A twin trajectory Fiyin(t) = {f,?‘,twin(q,t)} is prepared
by adding a random perturbation at ¢ = t3. The devi-

ation of the twin trajectory from the base trajectory is
denoted by 6F (t) = {0 f(qg,t)} with

5fl?(q’t) = fl?,twin(q7t) - fabase(q’t)' (71)

The magnitude of an initial perturbation set to a target
value Ai,r as

|6F(t0)|g = Atar (72)

using the magnitude defined in Eq. .

The base and twin trajectories are then evolved inde-
pendently while the twin trajectory is reset by rescaling
dF(t) at times t, = tg + nm.e with a rescaling time 7.
At t = t,41, all the retained Fourier modes in 0 F are
rescaled according to

A ar a
Sfe (g tnyr) — : Ofe (g tnyr) (73)
g,n
with
Tgn = |0F (tnt1)lg (74)

Iterating this procedure, we obtain a sequence of the
finite-time growth rate

1 Tgmn
Aryan = T—re In (Atar> . (75)

Throughout this section, we use ¢ty = 1000 and 7, = 1.

Unlike in the Floquet analysis, no periodic reference or-
bit is involved here. Accordingly, Ary, measures the av-
erage exponential sensitivity to initial conditions within
the chaotic state itself.




B. Numerical result

The growth rates Ary,n fluctuate strongly. Thus it is
useful to consider a cumulative time average

N
— 1
ALya(tN) = N Z ALya,na (76)
n=1

which converges at late times to the largest Lyapunov
exponent Ary,.

_ Figure 4 (a) in the main text and Figure [L5] (a) show
Arya(t) for several system sizes at fixed n = 0.1. For both
k = 0.2 (Fig. 4(a)) and k = 0.35 (Fig. [[5](a)), the cu-
mulative time average approaches a positive value at late
times. This provides direct evidence of exponential sen-
sitivity to initial conditions in the statistically stationary
state and confirms that the irregular late-time state is
chaotic.

X. MASTER-SLAVE PROTOCOL FOR
PROBING THE CHAOTIC LENGTH

The purpose of master-slave construction is to use the
breakdown of synchronization as an operational probe of
a finite chaotic length in the chaotic kinetic dynamics.

We first generate a chaotic trajectory of the Boltzmann
equation, which we refer to as a master. From a snapshot
of this trajectory at time t = t; = 0, we prepare a sec-
ond copy, called a slave, by adding a small perturbation
to the master. The master then evolves according to the
original kinetic equation, while the slave evolves under an
additional uni-directional coupling from the master. We
introduce a circular region, called a free core, of radius
Teore- Outside the free core, the slave is relaxed toward
the master, whereas inside the core it evolves indepen-
dently. In this way, we can probe a length scale for spatial
chaos beyond, which chaotic dynamics is uncorrelated.

Related one-way-coupling constructions have previ-
ously been used to study synchronization in spatiotem-
porally chaotic partial differential equations and in tur-
bulence. For example, unidirectionally coupled chaotic
PDESs can synchronize under forcing applied only at a fi-
nite number of spatial points, and in fully developed tur-
bulence the small-scale modes were shown to be slaved
to the chaotic evolution of larger-scale modes [13] [14].

Our purpose here is different, we ask at what core
size synchronization ceases. In this sense, the present
construction is closer in spirit to the chaotic-element ap-
proach of Ref. [15]. The authors used a unidirectionally
coupled reference-target setup to define a characteristic
chaotic length in a spatio-temporal chaotic system.

A. Numerical implementation

In the numerical implementation, the one-way uni-
directional coupling is applied in real space to all species
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and to all retained angular Fourier modes. More specif-
ically, at times t,, = to + nlAty,, the slave field, denoted
by fs, is updated according to

fSk(r) = fS1(r) — anaW(r) [0f0, 1 (r)] (77)

where apy denotes the nudging strength and 6 £, | (1) :=
f§,(r) — fii x(r) is a deviation from a master state, de-
noted by fy. The free core is incorporated in terms of a

spatial mask function W(r) given by

0, 7| < Teores
W(T‘) =<1 |7'| 2 Tcore + Tbuf,

[1 — cos (T&'w)} , otherwise.

Touf

N~

(78)
With this choice, the slave evolves independently inside
the free core (r < Teore). Outside the core, the coupling
is turned on smoothly through a buffer region of width
Tbut- This buffer region, interpolating the two regions,
reduces numerical artifacts.
To quantify whether the slave inside the free core syn-
chronizes with the master, we measure a mismatch

271/2
S Leore(7) |8 51 (7 )|
Ecore(t) - 3 y (79)
Za,k,r ICOI”'3<T) fl(\l/l,k(T’t)‘
where
17 |T| S Tcore)
Icore r)= 80
") {o, "] > Feore (80)

is an indicator function for an interior of the free core.

The interpretation of the protocol is then straightfor-
ward. If the core is smaller than the intrinsic chaotic
length, the exterior determines the dynamics of the inte-
rior and the slave synchronizes with the master. Then,
Ecore(t) decays toward zero. If, on the other hand, the
core is larger than the intrinsic chaotic length, the inte-
rior sustains its own nonlinear chaotic degrees of freedom
and the mismatch grows and maintains O(1) value. The
crossover between these two regimes provides a method
estimating the chaotic length.

B. Numerical results

We use tyy, = 1, apg = 0.9, and rpye = 1 for Fig.
(b) and Fig. 4 of the main text. In Fig. 4 with x = 0.2,
synchronization or desynchronization of the slave core is
clearly resolved within the displayed time window. For
small core radius rcore, the core mismatch Ecope(t) de-
cays rapidly toward zero, indicating that the imposed
exterior is sufficient to synchronize the freely evolving
interior. For larger rcore, by contrast, Ecore(t) grows to
O(1), showing that the core develops its own chaotic dy-
namics.



We have also checked that the same qualitative pic-
ture persists at larger non-reciprocity, for example at
x = 0.35. In that case, the time dependence of Ecore(t)
is relatively slower than for k = 0.2, so that the ap-
proach to synchronization or the growth toward a finite
mismatch develops over a longer time window. Never-
theless, the tendency remains clear: for sufficiently small
cores Feore(t) decreases toward zero, whereas for larger
cores it increases.

XI. NUMERICAL DETAILS FOR THE
INTEGRATION OF THE BOLTZMANN
EQUATIONS

The Boltzmann hierarchy is integrated numerically us-
ing a fourth-order Runge-Kutta scheme with time step
At = 0.01. Using smaller time steps produces no qualita-
tive change. For both the long-time kinetic simulations
and the Floquet calculations, the angular hierarchy is
truncated at k,,, = 4, whereas k,,, = 50 is used for the spa-
tially homogeneous solution shown in Fig. |8 The spatial
Fourier modes are treated with the standard 2/3 dealias-
ing rule in order to avoid aliasing errors in the nonlinear
terms. For the Floquet and Lyapunov power iterations,
we use a target perturbation amplitude A, = 1076 for
both the local and global protocols. We verified that
changing Ay, from 1075 to 1077 does not affect the mea-
sured exponents within numerical accuracy, confirming
that the calculations remain in the linear regime. For the
numerical integrations, we use grid spacing A, = A, =1
in the Floquet analysis, A, = A, = 1/4 for the long-time
visualizations, and A, = A, = 1/8 for the Lyapunov ex-
ponent estimation and the master-slave method.

For long-time visualizations, Lyapunov exponent esti-
mations, and the master-slave method, we additionally
include a small stabilizing diffusion term,

Oefit = Oufi + DV, (81)

with D; = 0.1. Although this term is from discrete time
dynamics [I6], it is useful for preventing numerical blow-
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up in extremely dense regions of the chaotic regime. It
is not included in the extraction of Floquet exponents.

XII. SUPPLEMENTAL VIDEOS

Seven supplemental videos accompany this work.

e Video 1 (FIG1_.L64.mp4): Microscopic time evo-
lution corresponding to Fig. 1(a)—(c) in the main
text. The left panel shows the density field, with
RGB channels given by (p4, 0, pg). The middle and
right panels show the momentum fields of species
A and B, respectively.

e Video 2 (FIG1.1256.mp4): Microscopic time evo-
lution corresponding to Fig. 1(d)—(f) in the main
text.

e Video 3 (FIG1_L1024.mp4): Microscopic time evo-
lution corresponding to Fig. 1(g)—(i) in the main
text.

e Video 4 (SUPFIG10.mp4): Time evolution of the
Boltzmann equation corresponding to Fig. of
this Supplemental Material.

e Video 5 (SUPFIG14.mp4): Time evolution of the
Boltzmann equation corresponding to Fig. of
this Supplemental Material.

e Videos 2-5 have the same panel layout as Video 1.

e Video 6 (FIG4.Small Core.mp4): Time evolu-
tion of the Boltzmann equation corresponding to
Fig. 4(d) in the main text. The solid line indicates
the free core, and the dashed line marks the outer
boundary of the buffer region.

e Video 7 (FIG4_Large Core.mp4): Time evolu-
tion of the Boltzmann equation corresponding to
Fig. 4(e) in the main text. The solid line indicates
the free core, and the dashed line marks the outer
boundary of the buffer region.
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