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Examples of ordinary differential equations (ODEs)

» Newton's law: )

d=r

m-— o = f(r(t). 1) (1)
with mass m, position r, time t and force f.

» Predator-prey (or Lotka-Volterra) equations:

%:ax—ﬁxy (2)
dy

Y sxy — 3
il el (3)

with number of prey x, number of predator y and interaction
parameters of the two species «, 3, 9, 7.
» Static beam (or Euler-Bernoulli) equation:

2 2W
s (E0r0%3 ) a0 (@

with deflection of the beam w(x), load g(x), elastic modulus
E and area moment of inertia /.



Reduction of nth-order ODE to 1st-order ODEs

Explicit ODE of order n

T e

can be reduced to a system of n first-order ODEs

/

y = f(tay):f(tuyla"' ,yn)
(_)/]/_7 7yr/7) = (Y2,"‘ 7yn7f(tay17"' ,Yn))

defining new functions y; = y(—1.
Initial value problem: y(t = 0) = yg

[ d " d? . dy - d2
Notation: y :di}tf’y :d—t{, "'Ory:di)tf’y:dité/’



Example

Newton's law:

d?x(t)
m S = F(x(1), 1)
Harmonic oscillator:
1! 1 k
mx' = —kx = x" = ——x
m

Define new functions: y; := x and y, := x’

}/ﬁ = X =—01Nn

(10)
(11)



Euler method

Grid points t; and y; = y (t;).

dy Yit1 — Vi

Dy~ LI F 12
O (12)
= yir1 R Yyi+ (tiq1 —t) - f; (13)

For equidistant spacing ti1 —tj =7 < 1:
yisr = yi + 7fi + O (77) (14)

Integrate from to till ty = tg+ Nt =tg+ T.
Global truncation error is N - O (72) ~ Lr2
= Euler method is very inaccurate.

Remark: Euler method is an explicit method: y; 1 = F(y;).



Picard method
Formal solution of y' = f (y,t) is yi+j = yi + ftfw dtf(y,t).

Using trapezoid rule we obtain:
T
yirr =yi+ 5 (fi+fi1) + O (7°) (15)

with i1 = f (yit1, tiv1).
Can be solved via fixed point iteration

k+1 T k
v =i+ 3 (f,- + f&}) (16)
until yi(ffl) = ,.(f)l using an initial guess y,-(f:)l = y1 obtained with

Euler method. Convergence can be slow.

Remark: The Picard method is an implicit method:

G(yi,yi+1) = 0. Implicit methods are usually more stable for
solving stiff ODEs, e.g.: y’ = Ay with large |Re()\)].



Predictor corrector methods: Part 1

Use Euler method to predict y;i1:

YD = yi 7 (v 1) (17)

and next Picard method to improve y;1:

(correct) T s (predict)
Yit = Yyi+ 5 {f (vi, ti) +f (yi+1 7t:+1>} (18)

(correct)

Yit1r = VYip1 (19)



Predictor corrector methods: Part 2

Increase the number of grid points: y;j 10 = y; + ftt,"” dtf(y,t)

Use linear extrapolation: fi o = f; + %(ﬁ-ﬂ —f;)=2fi;1—f;
and trapezoid rule:
= [ dtf(y,t) ~ F (2fip1— i+ i) =27fipn  (20)
= Yivo = Yi +27fi 1+ O (7'3) (21)

Initial values are yp and y; for fi = f(y1, t1), use Taylor expansion
2
i=w+th+% (%+ﬂ>%§?) + 0 (73).

Remark: Is an example for a multistep method, i.e., it uses the
information from the past. Higher order methods can be obtained
with a better quadrature, for example, Simpson's rule.



Derivation of Runge Kutta methods
Taylor series of y (t + 7) around y (t):

2 7.3

-
y(t+m) =y () +7y )+ 5y () + 30 () + ..
y'o= flyt)
" — _y/fy"_ﬂ
— ff+f
YO = (V) +F (VB + ) + 3 oy + far

= 7+ fify + Py + 2 + fu

2
Sy(t+7) = y+rf+ (it )

73

o (i + 2ffy + F2Fy + 7+ £if,)
+ (9(7’4)



Derivation of Runge Kutta methods

In general a Runge Kutta method of order s can be written as:
S
y(t+7)=y(t)+7>_ biki+O(r*1) (31)
i=1
with
i—1 i—1
ki="f y—l—TZa,-jkj,t—i—TZa,-j (32)
j=1 j=1

Comparison with the Taylor series yields an under-determined
system of constraints on b; and aj;.



Classical Runge Kutta method (RK4)

y(t+7) = y(t) + g (ki + 2ko + 2ks + ks) + O(r
with
ke = f(ty),
ko = f(t+ ;yﬂL%/ﬁ),
ks = f(t+ T,y—l—gkg)
(

k4 = f t+7’ y+7k3)

)



Boundary value problem
Consider, for example, a second-order ODE:

y'=f(ty,y"), y(t) =y, y(t1)=n (38)

Solution via shooting method:

» Reformulate boundary to initial value problem:

y” = f(tayayl)7 y(tO) = Yo, y/(tO) =a (39)

with a unknown variable a.

> Denote the solution of Eq.(39) for fixed a as y(t; a). If
F(a) = y(t1;a) —y1 = 0 = y(t; a) is a solution of the
boundary value problem Eq.(38).

» In practice, integrate Eq.(39) with RK4 for different a and use
Newton's method to find F(a) = 0.

» Newton's method: a,11 = a, — ,’__E,((‘Z”n)) with forward difference

formula F'(ap) = W where da is small.

Remark: Method fails near a local extremum F’(a) =~ 0.
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Partial differential equations (PDEs)

Linear PDEs:
» Poisson’s equation: A¢(r) = —%)
» Diffusion equation: % —V-(D(r)Vn(r,t))=S(rt)

» Wave equation: %& Au(r,t) = R(r,t)

> Schrodinger equation: —% 81p r.t) = Hy (v, t)
Nonlinear PDEs:

» Continuity equation: % +V-(pv)=0

» Navier Stokes equations: % +v-Vv+ %Vp —nAv=0
Again linear PDEs:

» Navier Stokes equations becomes linear for negligible inertia
and large viscosity (swimming of microorganisms).
Stokes equations: %Vp —nAv =0



Finite differences

Using Taylor series expansion one obtains 1st order forward time

difference:
OA(r ti) _ A(r tip1) — A(r 1) (40)
ot T ’

with 7 = tx11 — tk, or 1th order central difference:

OA(r, tx)  Ar terr) — A(r tk1)
ot 27

OA(r,t+7/2) OA(r,t—7/2)
ot and ot

(41)

Applying central difference to results in

2nd order central difference:
O?A (r, tk) A (I’, tk+1) —2A (r, tk) + A (I’, tk—l)

~
~

ot? 72

L (42)

aA(X’tk)

Similar expessions can be obtained for space derivatives: =5,

82A(X,tk) 82A(x,tk)
ox ! OxOy

, etc.



Boundary conditions
PDE plus a boundary condition defines the physical problem.

Q indicates the solution domain and 9Q2 the boundary of Q.
> Dirichlet boundary condition:

A(r)|recon = g(r) (43)

Examples: fluid velocity vanishes at the boundary, surface is
held at a fixed temperature, etc.

» Neumann boundary condition:

0

8nA(r) lrean = h(r), (44)

with normal derivative £-A(r) = VA(r) - n(r).

Examples: prescribed heat flux from a surface, etc.
» Combinations of Dirichlet and Neumann boundary conditions.
» Periodic boundary conditions.



Nonstandard discretization

Different discretization for inhomogeneous grids or non-constant
variables, e.g., V- (D (r) Vn(r, t))

» Consider 1D Poisson's equation with permittivity € (x):

% (5 (x) Zf) = —p for x € [0, L] (45)

» Approximate d—f with a central difference at x 1/, and

Xk—1/2, followed by a central difference between this points:

Q

d [ do\ _ ektr/2(Pa1 — dk) — ex—1/2(Pk — Pu-1)
dx \“dx ) h2

(46)
» Using interpolation to estimate €41/ and £,_1,5 one obtains
a discretized form of Eq.(45):

(exs1 + k) Prr1 — dekdr + (Ek_1 +ex)dk_1 = —2h°py (47)



Finite difference method

Discretized linear PDE, Lu(r,t) = f (r,t), where L is a differential
operator, transforms into a system of linear equations Au = b,
which can be solved with methods of numerical linear algebra.

Consider, for example, Eq.(45) with Dirichlet boundary condition
¢»(0) =0 and ¢(L) = 0. The discretized version is

(ek—1 + ek)Pk—1 — dekdi + (eks1 + Ek)Prt1 = —2hpi,  (48)

for k =1,...,n with boundary conditions ¢g = ¢,+1 = 0.
Eq.(48) can be written in a matrix form Au = b with, see next slide



Finite difference method

—4e1 ex+teq

€1+¢ex —de g3+ &2
A=— .
€n—2+t€n-1 _45n71 En+éEn-1
€n—1+€n —4e,
(49)
and
¢ p1
®2 P2
u=| - and b=2p| : (50)
(bn—l Pn—-1
®n Pn

The matrix A is tridiagonal and symmetric positive definite =
invertible



Relaxation methods

» Search for a stationary solution (6'(;(:) = 0) of the diffusion
equation: —-<2 (D (x) d’zf—(xx)) = S (x).

» Discretized form

= Dit1/2ni+1 + Di_12ni—1 + h2S; (51)
Div1/2+ D12

» Make an initial guess n,@) (i=0,...,n+ 1) which fulfills the
boundary conditions.
,+1/2"f+)1+D, 1/2"( )1+h251
Diy1/2+Di 12

» Calculate n; =
(k)

» Mix the solution n; with the guess n;
A (1 ) 8

according to

+ pn; and iterate till convergence.
Mixing parameter p € [0, 2] controls convergence.

» Check if boundary conditions are fulfilled.



Initial value problems

Higer order PDEs can be reduced to a system of first-order PDEs.

2
Example: Wave equation %aui(r’t) —Au(r,t) = R(r,t):

ot?
ou(r,t)
5 = v (r, t) (52)
Clzavé’t’ D~ Au(rt)+ Rt (53)

Has now a structure of a diffusion equation:

on(r,t)
ot

= DAn(r,t)+ S(r,t) (54)



Explicit method: Forward-Time Central-Space

Discretized form of the diffusion equation in 1D using a forward
difference at time tx and a second-order central difference at
position Xx; is

k
i i -D i+1 i i—1 +S,k (55)

k

i

with n(x;, tx) = n

Truncation error is O (h?) + O (7).

Caution: Method is numerically stable and convergent whenever

% < % or T < % (Courant—Friedrichs—Lewy condition), i.e., the
maximum allowed 7 is the diffusion time across a cell of width A.



Implicit method: Crank—Nicolson method

Combine the forward time difference at position x; and the average
of the central space difference at time t, and tx 1.

k41
nf ™ — nf _ D e B k+1+nk+1
T - 2h2 i+1
L (cks1 | ck
+(,+1 2n —|—n, 1) +§(5, +5,-> (56)
or

— k(1 2r)nk T — kL =

iy + (1 —2r)nf 4+ - (5’”’1 + Sk) =df (57)

DTt

with r = T



Crank—Nicolson method: matrix form

For example with Dirichlet boundary condition n§ = n¥,; =0

1+2r  —r nf“ dk
—r 1+2r —r n§+1 dzk
—r 142r —r nnf% d§71
—r 1+2r nﬁ“ d,’,‘
(58)

The scheme is always numerically stable and convergent.
Truncation error is O (h2) + O (7'2).

The algebraic problem is tridiagonal and may be efficiently solved
with the tridiagonal matrix algorithm.



Lax—Friedrichs method

Method for the solution of hyperbolic PDEs, e.g., wave equation.
Consider, for example, the advective equation % + a% = 0.
Simple Forward Time Centered Space scheme

KLk gk gk
U’ U, +a i+1 i—1 — 0 (59)
T 2h

is unconditionally unstable.
Substitution of u¥ by 3(uk | + uf ;) leads to Lax—Friedrichs

method
k+1 _ 1,k k k K
ui =Sy Futy) U — Uy
=0 60
T +a 2h ’ (60)
which is stable for % < 1 (Courant condition).

. . . OJu Ou __ h% 9%u
Back from discrete to continuous: & + a3 = 5-33

= Lax scheme has a numerical dissipation or viscosity, i.e., short
wavelengths are damped out.
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